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Abstract: The aim of this paper is to study the singular values and fixed
points of one parameter family of generating function, hy(z) = )\eiejl, A€
R\{0}, which arises from the generalized Bernoulli generating function, Apostol-
Bernoulli generating function or Stirling generating function. It is found that
the function hy(z) has infinitely many singular values. Further, it is shown that
all the critical values of hy(z) are lying outside the open disk centered at origin
and having radius A\. Moreover, the real fixed points of h)(z) for A < 0 and their
nature are investigated. Finally, the results found here are compared with the
dynamical properties of functions Atan z, Fy(z) = )\ezz_l and fy(z) = AF5€*
for A > 0.
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1. Introduction

In the dynamics or iteration of functions, the singular values and fixed points
play vital role to explore the dynamical behavior of functions. The dynamics
of families of entire functions )\Sinl;(z) and A“=1, X > 0 with infinitely many
bounded singular values are studied, respectively, by Prasad [6], and Kapoor
and Prasad [3]. Prasad and Nayak [7] also found the dynamics of certain class
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of critically bounded entire transcendental functions. Further, the dynamical
properties of bounded-type entire functions is investigated in [8]. The dynam-

ics of )\Sinl;# with infinitely many bounded singular values is found in [9]
and the dynamics of certain transcendental meromorphic functions with un-
bounded singular values is discussed in [5]. The theory of dynamics or iteration
of transcendental functions can be seen in [2, 4]. The dynamics of functions
with infinitely many bounded or unbounded singular values is scarcely found in
comparison to functions with finitely many singular values. To fill this gap, the
present work describes some dynamical properties of the family of transcenden-
tal meromorphic functions having unbounded singular values.

The existence of the present work is motivated by the relationship of our

function eiejl with well known generating functions. If choose p=1and t =1
in the generalized Bernoulli generating function (=2<)"e* = 3" | Bh,(t) %

pick A = 1 and t = 1 in the Apostol-Bernoulli generating function % =
m 1
>or o Bin(t, A\) %, and takes ¢ = 0 in the Stirling generating function (= )t+

m=0 1—e—2
=3 o Sm(t)Z;, then we get the function 2.
We devote this work by considering one parameter family of function eiejl
which arises from the generalized Bernoulli generating function, Apostol-Berno-
ulli generating function and Stirling generating function. To study this family

of functions, we consider

z

H = {h)\(z) S W

eZ_

- and hy(0) = A: A€ R\{0}, 2 € @u{oo}}.

The function hy € H is a transcendental meromorphic function with infinitely
many poles at {27ki : k € Z}. Further, all poles are simple and all are lying on
imaginary axis. Moreover, the function h)(z) is neither even nor odd and not
periodic.

These are some definitions which are needed in the sequel. A point z is
said to be a fixed point of function f(z) if f(z) = z. A fixed point 2y is called
an attracting, neutral (indifferent) or repelling if |f'(z0)| < 1, |f'(z20)| = 1 or
|f'(20)] > 1 respectively. A point z* is said to be a critical point of f(z) if
f'(z*) = 0. The value f(z*) corresponding to a critical point z* is called a
critical value of f(z). A point w € C is said to be an asymptotic value for f (2),
if there exists a continuous curve 7 : [0,00) — C' satisfying lim;_,o, v(t) = o0
and limy_, o f(7(¢)) = w. A singular value of f is defined to be either a critical
value or an asymptotic value of f. A function f is called critically bounded
or functions of bounded type if the set of all singular values of f is bounded,
otherwise unbounded-type.
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The organization of the present paper is as follows: In Section 2, it is
found that the function hy € H has infinitely many singular values. Further,
it is shown that all the critical values of hy(z) are lying outside the open disk
centered at origin and having radius A. The existence of real fixed points
of hy(z) and their nature are investigated in Section 3. Finally, the results
found here are compared with the dynamical properties of functions Atan z,
Ex(z) = AL and fi(2) = AzZe® for A > 0.

2. Unbounded Singular Values of hy € H

In the present section, it is found that the function hy € H has infinitely many
singular values. Further, all the critical values of hy(z) lie in the right half plane
outside the disk centered at origin and having radius A .

The following theorem shows that the function hy(z) has infinitely many
singular values:

Theorem 2.1. Let hy € H,\ € R\{0}. Then, the function h)(z) possesses
infinitely many singular values.

Proof. Since h)\(z) = 0 for critical points, it gives

(e* = 1)(z + 1)e* — ze*e?

A @12 =0,
e —z—1=0. (1)
The real and imaginary parts of equation (1) are
L _ pycoty—1 _ 0, 2)
siny
x=ycoty — 1. (3)
The graph of the function =~ — e¥°*¥~1 is shown in Figure 1.

It is seen that, from Figi?é/ 1, the equation (2) has infinitely many solutions.
So, we assume that there exists a sequence {yn}zzi"oo’n £0 such that equation 2 is
satisfied, where y_,, € [—(2n+3)m, —(2n+1)7) and y, € [(2n+ 1), (2n+3)7),
n=1,2,3,.... Now, from equation (3), z,, = 1 — y,, cot y,, for nonzero integer
n. Therefore, It follows that k) (z,) = 0. Consequently, z, = z, + iy, are
critical points for hy(z). The critical values of hy(z) are given by hy(z,) for
nonzero integer n. It is observed that hy(z,) are different for distinct n. It
shows that the function hy(z) has infinitely many critical values.



150 M. Sajid

15 ﬂ ﬂ
20 La A

20 15 10 -5 0 5 0 15 20

Figure 1: Graph of Shliy _ eycoty—1

The finite asymptotic value of hy(z) is 0 since hy(z) tends 0 along negative
real axis.

Thus, it follows that the function h)y(z) possesses infinitely many singular
values. O

In the following theorem, it is found that the function h\(z) has no zeros
in the left half plane:

Theorem 2.2. Let hy € H,\ € R\{0}. Then, the function h)\(z) has no
zeros in the left half plane H~ = {z € C : Re(z) < 0}.

Proof. Since h)\(z) = )\% =0, it gives ¢* =1+ z. Then,

e(cosy +isiny) =1+ + ay. (4)

siny

When y # 0, then, by imaginary part of equation (4), =e % > 1 for
x < 0. This is not true for both y > 0 and y < 0. When y = 0, then the real
part of equation (4) gives ¢* = 1+ z. For x = —1, it is trivially not hold. For
r < —1, it is not true since e* > 0 and 14+ < 0. It is also false for —1 < z < 0.
Thus, the function A\ (z) has no zeros in the left half plane H™. O

The following theorem explores that the function hy(z) maps the right half
plane outside the open disk centered at origin and having radius .

Theorem 2.3. Let hy € H,\ € R\{0}. Then, the function hy(z) maps
the right half plane Ht = {z € C : Re(z) > 0} outside the open disk centered
at origin and having radius .
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Proof. Suppose, the line segment ~ is defined by ~(t) = tz, t € [0,1].
Further, assume the function g(z) = e™* for an arbitrary fixed z € H™. Then

/7 o(2)dz = /0 O ()t = 2 /0 P

Since M = maxeo1] |9(7(t))| = maxyepo ) le”**| < 1 for z € H*. Now

1- el = | [ gleds] < Mzl < Iz,
v

so |—2=| > 1 for all z € H*. Therefore, it follows that |hy(2)| = [AZ5| > |A|

for all z € HT. This shows that the function h)(z) maps the right half plane
H™ outside the open disk centered at origin and having radius \. O

The following theorem proves that the function hy € H has unbounded
critical values:

Theorem 2.4. Let hy € H,\ € R\{0}. Then, the set of all the critical
values of hy(z) is unbounded subset of C\{disk of radius \}.

Proof. By Theorem 2.2, the function h)(z) has no zeros in the left half
plane H~. Consequently, all the critical points lie in the right half plane H™.
But, by using Theorem 2.3, the function hy(z) maps the right half plane H
outside the open disk centered at origin and having radius A. It means that all
the critical values of hy(z) are lying outside the open disk centered at origin and
having radius A. Hence, the set of all the critical values of hy(z) is unbounded
subset of C\{disk of radius \}. O

3. Real Fixed Points of h) € H and their Nature

In this section, the existence of real fixed points of the function hy(z) = A\h(x),
where h(z) = eff_zl, and their nature are investigated. For sake of simplicity,

consider the function ¢(x) = xzh/(z) + h(z). It gives that

zer

o(x) = W((Qe‘” -z —2). (5)

If g(x) = 2e* — 2 —2, then ¢/(z) = 2¢* — 1 and ¢"(z) = 2¢*. Since ¢"(z) > 0
for z € R, the function ¢'(x) is increasing on R. Moreover, ¢’(0) = 1 and
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¢ (x) = +o00 as * — o0, it follows that there is a unique & < 0 such that
¢ (x) <0forz <z, ¢(z)=0and ¢(z) > 0 for x > Z. Thus, ¢(x) is decreases
in (—oo, Z), attains its minimum at & and increases afterward.

Since ¢(0) = 0 and ¢(x) — 400 as * — +o00, it confirms that there is a
unique negative z* < such that g(x) > 0 for z < z*, ¢(z*) = 0 and ¢(z) < 0
for * < x < 0. Since ( )2 < 0 for all z < 0. Now, Wehave

ret >0 forz*<axz<0
<0 forx<az*
We define
. ¥ o
A= W =1—ce , (7)

where x* is the unique negative real root of the equation 2e* — x — 2 = 0.
In the following theorem, it is shown that the function hy(z) has a unique
real fixed point:

Theorem 3.1. Let hy € H and A < 0. Then, the function hy(x) has a
unique real fixed point x .

Proof. Since hy(z) < 0 for all z € R, each real fixed point of hy(z) is
negative. The function b (z) = )\% < 0 for z € R and hence hy(z) is
decreasing on R.

Let &x(z) = hy(z) — x for z € R. Since b\ (z) < 0 for x < 0, it is observed
that &, (z) is decreasing. Since £,(0) = A < 0, £x(x) — +o00 as x — —o0 and,
due to continuity of &)(x), there exists a unique negative & = x) such that
&x(Z) = 0. Therefore, it gives that the function hy(x), A < 0, has a unique
negative real fixed point x ). O

The nature of fixed points of hy(x) are found in the following:

Theorem 3.2. Let hy € H. Then, the fixed point x) of the function hy(x)
is (i) repelling for A < A\* (ii) rationally indifferent for A = \* (iii) attracting
for \* < X < 0.

Proof. Since the derivative of % is positive for x < 0, the function % is

increasing on R™. We prove the following using this fact:

(i) For A < A\*, since the function 77 is increasing on R™ and A = %,
we have h(x y < h(x 3 It means that —e™® < —e™®". Hence, z) < x*.
By Equation (6), ¢(xy) < 0. Since h’/\(x)\) = igiig , it follows that
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of hi(z) are un-
bounded.

ues of Th(z) are
bounded.

ues of F\(z) are
bounded.
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) =2 | T =tz | Bi() =2 ! () = A e
ha(z) is transcen- | Thx(z) is transcen- | FE\(z) is transcen- | fi(z) is transcen-
dental meromor- | dental meromor- | dental entire func- | dental meromor-
phic function. phic function. tion. phic function.
ha(z) hasinfinitely | 7x(z) has in- | E\(z) has no pole. | fx(z) has only one
many poles. finitely many pole.

poles.

ha(z) has | Th(z) has poly- | Ex(z) has | fa(z) has ratio-
transcenden- nomial Schwarzian | transcenden- nal Schwarzian
tal meromor- Derivative. tal meromor- Derivative.
phic  Schwarzian phic  Schwarzian
Derivative. Derivative.
ha(z) is neither | Tx(z) is an odd | FEx(z) is mneither | fi(z) is neither
even nor odd func- | function. even nor odd func- | even nor  odd
tion. tion. function.
ha(z) has infinitely | 7T)(z) has no criti- | Ex(z) has in- | fa(z) has finitely
many critical val- | cal values. finitely many | many critical val-
ues. critical values. ues.
ha(z) has only one | Tx(z) has two | Ex(z)hasonly one | fx(z) has only one
finite asymptotic | finite asymptotic | finite asymptotic | finite asymptotic
value 0. values M. value 0. value 0.

All critical values | All critical wval- | All critical wval- | All critical val-

ues of fi(z) are
bounded.

Table 1:

Comparisons

of the families of functions

Ry(zy) +1 =

B(z))
h(zy)

among the

dynamical

properties

< 0. Since h/\(z) is negative on R™, it shows that

|\ (z)| > 1 and consequently, the fixed point z) of hy(z) is a repelling

for A < A*.

(ii) For A = \*, it is easy to prove z) = z*. Now, by Equation (6), it follows
that 1)\ (z))+1 = 9(22) — 0 which implying [P\« (z))| = 1. Therefore, the

h(zy)

fixed point z* of hy(z) is rationally indifferent for A = \*.

(iii) For A* < X\ < 0, by similar arguments used in (i), it follows that z) > z*.
Again, by Equation (6) and by the fact z) > z*, we have ¢(x)) > 0. It

gives that )\ (zy) +1 = B(x)
is an attracting fixed point of h(zy) for A* < A < 0.

h(zx)

> 0 and hence [P\ (z))| < 1. Therefore, x

0

It is observed that, from Theorem 3.2, the nature of the fixed point changes
when parameter \ crosses parameter value \*.
Table 1 displays the comparisons among the dynamical properties of hy(z) =
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AZE for A <0, Th(z) = Atanz [1], Ex(2) = A<= [3] and fi(z) = A€ [10]
for A > 0.
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