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Abstract: In this paper we give some sufficient conditions for the existence
of coexistence states to systems of the form

T = Fl(‘ray)a

y = Fy(z,y),

where F; and Fj satisfy some conditions.
We use topological methods, more precisely, the fixed point index.
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1. Introduction

Let us consider the following fixed point problem
T = Fl (CC, y)7

y = Fy(z,y),

in F x E, where FE is an appropriate ordered Banach space with cone P.
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The purpose of this paper is to study some abstract fixed point theorems
for this systems of equations. This can be done by using topological methods,
in particular, the fixed point index.

The solutions (z,y) with both components nonnegative and nontrivial are
called ”coexistence states” and these solutions are of special importance. Semi-
trivial solutions, i.e. solutions (z,y) with exactly one component nonnegative
and nontrivial, are also of interest.

Section 2 contains some abstract results which provide directly the ex-
istence of coexistence states and semitrivial solutions. Hence, under some
hypotheses on F} and F5, we deduce the existence of four fixed points in
P x P :(0,0),(x0,0),(0,y0), (x1,y1) such that

o <|lzlle <p o<lyjlle <p (1)

for 7 = 0,1, where o and p are strictly positive real numbers.

In Section 3 we apply the abstract results to some problem arising in the
theory of epidemics, and obtaining some new results about the existence of
coexistence states.

The abstract results which we obtain here may be applied to some other
situations such as nonlinear boundary value problems for elliptic systems, and
other kinds of systems of nonlinear integral equations.

2. Abstract Fixed Point Theorems

Let (E,||.]|g) a real Banach space and P be a nonempty closed convex set in
L.
P is called a cone if it satisfies the following two conditions:

(i) rx € PA\>0= Az € P,

(ii) :x € P,—x € P—=x =10,
where 6 denotes the zero element in F.

The cone P defines a linear ordering in E by
r<y iff y—xeP.

For every open subset U of P (from now on, the topological notions of subsets of
P refer to the relative topology of P as a topological subspace of E) and every
compact map F : U — P (F is continuous and F(U) is relatively compact),
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which has no fixed points on OU, there exists an integer, i,(F,U), called the
fixed point index of F' on U with respect to P, satisfying the usual properties
of the Leray-Schauder degree.
It is trivial that P x P is a cone in the Banach space (E X E, ||.||gx ), where
for each (z,y) € E x E:
(@, )llexe = max{|[z|[z; [yl }-

If r > 0, we denote
P.={zeP:|z|g<r}, S ={xeP:|z|g=r}
For any two real numbers 0 < o < p, we denote by R, , the set
Rep={(w.y) € Px P: a5 < o, |ylle < o}
The cone P x P defines a linear ordering in £ X F by
(1,y1) < (2,92) iff 2zo—11 €P and y2—y1 € P

Define the operator F' = (G,H) : P x P — P x P, where G : P x P — P and
H : P x P — P verifying the following hypotheses:

(F1) : For every y € P, G has a right partial derivative G, (o0, y), such that
Gz(00,y) = Gy(00,00) and G(z,y) = Gy(00,y)r + r(x,y), where r is
o(||z||g) for € P near +oo uniformly in y € P,

(F2) : For every € P, H has a right partial derivative Hy(z,00), such that
Hy(z,00) = Hy(oo,00) and H(z,y) = Hy(x,00)y + 1'(x,y), where 1’ is
o(Jlyllg) for y € P near +o0 uniformly in x € P.

Now we present and prove our main results:

Theorem 1. Let F': P x P — P x P be a completely continuous map
verifying the previous hypotheses (F1)-(F2) and

(H1)
G(z,y) # Az, V(r,y) €Sy x P, YA>1

and
H(x,y) # Ny, V(z,y) € PxS,, VA>1,

(H2) 1 is neither an eigenvalue of G (00, 00) nor of Hy (0o, 00), and both G (00, c0)
and H, (0o, 00) possess a positive eigenvector to an eigenvalue greater than
one.
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Then F has at least one fixed points in P x P : (x1,y1) verifying (1).

Proof. We shall use the following notation
U=R;;.

First, we prove the existence of a fixed point (z1,y1) of F' (F(z1,y1) = (z1,y1))
satisfying (1). In fact, the proof is based on the following steps:

a)
iPxP(Fa U) =L
Indeed, define the homotopy h : [0,1] x U — P x P by h(\, z,y) = AF(z,y). It
is clear that h is completely continuous and from (H1) we have
h(Az,y) # (2,y), V(A z,y) €[0,1] x OU.

Hence, by homotopy invariance property

ipxp(F,U) = ipyp(h(1,.),U) = ipxp(h(0,.),U) = 1.

b) For every y € P define the map G, : P — P by Gy(v) = G(x,y). Clearly,
Gy is a completely continuous map, Gg/(oo) = G;(00,y). Then, by Theorem
7.3 in [1], Gz(00,00) \ P = Gz(00,y) \ P is a completely continuous map, So
idg — G4 (00, 00) is closed on closed subset of P, therefore (idg — G, (00, 00))(S1)
is a closed set, and 0 ¢ (idg — G (00,00))(S1) by the hypothesis of the theorem.
Hence there exists a positive constant «q such that

|z — Gz(o0,00)x|| > aq]|z]| Vax € P. (2)
Choose po > o such that for all x € P with ||z] > ps and y € P

[Gla.y) — Galoo el < anl 2],

And since Gy (00, y)x = Gy(00,00)z we have for all x € P with ||z]| > ps and
ye P

[G(e.y) — Galoo, 00l < o 12, Q
Define the map p : P x P — P by p(z,y) = x, therefore for every p > poo, every

71 € P satistying ||z1]] < Z5* and every X € [0,1] the map (1 — X)(G (o0, 00)p+
z1,H) + A\F = H), possesses no fixed point on dU;, where R, , = U;.
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Indeed, by taking into account that

U ={(z,y) € P x P:lyllp = o, ||z < p}
Uilz,y) e Px P:llyle <o lzle = p},

we distinguish two cases:

Dlyle =0, x|z <p:
If Hy(z,y) = (z,y), then

(1= NH(z,y) + AH(z,y) = H(z,y) =y
which contradicts (H1).

2) lyle <o, lzlle=p:
We get Gx(OO,OO)P(CUay) = Gx(O0,00)CC
On the other hand

[ = (1 = A)(G(00,00)x + 21) = AG(2, y)|| = ||z — Gz (o0, 00)z]
— G(2,y) = Ga(00, 00)x]|

— [zl

ar |z
> _ L
> play 5 ) )
> 0.

Hence H)(z,y) # (z,y).
Then by the homotopy invariance property,

ipxp(F,U1) =ipxp((Gg(oo,00)p+ 21, H),Uy).
Next, we prove that
ipxp((Gy(00,00)p+ 21, H),Uy) = 0.

In fact, denote by h € S; an eigenvector of G, (00, 00) to an eigenvalue A > 1:
Then we claim that, for every v > 0, the equation z — G, (00, 00)x = vh has
no positive solution. Indeed, suppose that there exists a solution = > 0 for
some v > 0. Then there exists a nonnegative number 79 such that =z > moh
and x # 7h for 7 > 79. From Theorem 7.3 (iii) in [1] we know G (00, o0) > 0.
Hence we obtain the inequality

x = Gy(00,00)x + vh > G, (00, 00)T0h + vh > (19 + v)h,
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which contradicts the maximality of 7.
Now by setting z = vh with 0 < v < 25, the solution property implies

ipxP(F,Ryo) = ipxp((Gz(co,00)p +vh,H),R,,) = 0.
¢) Similarly, we find a positive constants ay and p satisfying
ly — Hy(o0,00)y[| > azllyl| Vy € P,
and for all y € P with |y|| > p., and x € P

H(z.y) ~ Hy(oc.00)] < 121,

Define the map ¢ : P x P — P by ¢(z,y) = vy, therefore for every p >

po2

Phoos €very zp € P satisfying ||z < 5% and every A € [0,1] the map (1 —
N(G, Hy(o0,00)q + z2) + AF = H} possesses no fixed point on 9Uy where
Ry, = Us.

Therefore (by the same method),

iPXP(Fa UQ) = iPXP((Gv Hy(OO, OO)q + Z2)7 UQ) =0.
d) For a fixed p > max{p~, p.,} we shall use the following notation
Us =R, ,.

Next, we prove
ipxp(F,Usz) = 0.

To see this, define the map (1—\)(Gy (00, 00)p+ 21, Hy (00, 00)q+22)+AF = HY
(where |z1| < 25, ||z2]| < £5%) which has no fixed point on 9Us. Indeed, by
taking into account that

oUs ={(z,y) € Px P: |lyllg = p, |z||p < p}
U{(z,y) € Px P:|lylle <p,lzlle = p},

we distinguish two cases:

D lylle <p, lzlle = p:
We have

|z — (1 = A)(Gg(oo,00)x + 21) — AG(z,y)|| > 0.

Then, in this case HY (z,y) # (x,y).
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2) lyle =p, lzlle<p:
This case is completely analogous to case 1).
Then by the homotopy invariance property

ipxP(F,Us) = ipxp((Gy(00,00)p + 21, Hy(00,00)q + 22),Us3) = 0.
e) We shall use the following notation
Uy=Us\UyUUy, Us=U\U Us=Us\U.
Therefore
Up=A{(z,y) e Px P:o<|lzllg <p, o<llylle<p}

Now, observe that if A = 1, F = Hy = H| = HY has no fixed point on 0U; U
oU; U 9U3.

Since U and Uy are disjoint open subsets of U; such that F' has no fixed
points on Uy \ (U U Us), in fact Uy \ (U U Us) C Uy U OUs,. Therefore by the
additivity property

ipxp(F,U5) = ipxp(F,Ul) —’ipxp(F,U) =0—-1=-1.

Similarly, U and Ug are disjoint open subsets of Us such that F' has no fixed
points on Us \ (U U Ug), in fact Uy \ (U U Ug) C OUy U OUs. Therefore by the
additivity property

ipxp(F,UG) = ipxp(F,Ug) —ipxp(F,U) =0—-1=-1.

Finally, since (U UUs U Us) and Uy are disjoint open subsets of Us such that F’
has no fixed points on Uz \ (U UUs UUg UU,), in fact Us \ (UUUs UUg UU4) C
(0Us U QU U QU3). Therefore by the additivity property

ipxp(F,Us) =ipxp(F,Us) —ipxp(F,U) —ipxp(F,Us)
—ipxp(F,Us)
=0—-1+1+1=1.

which implies the existence of a fixed point (x1,y;) of F' satisfying (2.1). O

Remark 1: Suppose, in addition, that F' verifies the following hypothesis

(H) : G(0,y) =H(z,0) =0 VY(z,y) € ExE,
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then we can prove the existence of two fixed point (¢, 0), (0,yp), of F satisfying
(1).

In fact, From Go(z) = G(z,0), we know, G{(c0) = G,(0,0), and by
(H2) and Lemma 13.4 in [1] there exists po > o such that for every p >
Poo, ip(Go, P,) = 0. On the other hand from hypothesis (H1), we have Go(z) #
Az, VA>1, V€S, then ip(Go, Py) =1 (see Lemma 12.1 in [1]). There-
fore, by the additivity property ip(Go, P, \ P,) = —1. Consequently, the so-
lution property of the fixed point index implies that Gy has at least one fixed
point zp with o < ||z¢]|g < p. Now (z¢,0) is a fixed point of F'.

In a similar manner we can prove the existence of (0, ).

Remark 2: If P has nonempty interior and G (00, 00) and Hy(co,00) are
strongly positive then it is well known that the spectral radius of G, (oo, o0)
(or Hy(00,00)) is an eigenvalue to a positive eigenvector, and in fact the only
eigenvalue with this property. Then we have this corollary:

Corollary 2. Suppose that P has nonempty interior and let F': P x P —
P x P a completely continuous map verifying the previous hypotheses (F1)-(F2).
Moreover suppose that the right partial derivatives G, (o0, 00) and Hy(co, o)
are strongly positive. Then if

(H1)
G(z,y) 2z V(x,y) € S, x P and

H(z,y) 2y V(z,y) € PxS,,
(H2) 7(Gyp(00,00)) > 1 and r(H,(00,00)) > 1,
F' has at least one fixed points in P x P : (x1,y;) verifying (1).
Remark 3: If F' supposed to be asymptotically linear along P, and if the
above hypotheses (H1) and (H2) are substituted by
(H'1) F(z,y) # (z,y) Y(z,y) € ORs0,
(H'2) r(F'(00,00)) > 1,

then (by the same proof of Remark 1) (H'1) and (H’2) imply that F has a fixed
point (z,y) € P x P verifying

o< ”(xvy)HE < p,

but some component of the fixed point (x,y) (z or y) may be trivial.
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3. Application to System of Nonlinear Integral Equations

In this section we shall study the existence of positive solutions of system of
nonlinear integral equations of the form

71(t)
:c(t):/o flt,s,z(t—s—1),y(t—s—1)) ds

T2(t)
y(t) —/0 g(t,s,x(t —s—1),y(t —s—1)) ds

under the following assumptions on functions f and g:
frg: R xR x[0,+00[x]0, +0o[— R are continuous functions with:

(F1) : f(t,s,0,y) = g(t,s,x,0) = 0forall (t,s,z,y) € RxRx|0,+o0[x[0, +o0],

(F2) : f(t,s,z,y) > 0,9(t,s,z,y) >0, V(t,s,2,y) € RxRx|0,+o0[x[0,+00[
and there exists a positive number w, (w > 0) such that f(t+w,s,x,y) =
ft,s,z,y) and g(t + w, s, x,y) = g(t, s, z,y),

V(t,s,x,y) € R x R x [0, 4+00[x[0,4+00],

(F3) : [ is a nonnegative constant and 71,72 : R — R are a continuous and
A-periodic functions (A > 0) such that § = g,p, g e N.

System (4) includes the system proposed by Cooke and Kaplan [4] as a
model to explain the evolution in time of two interacting species when seasonal
factors are taken into account. Since in this model, f(¢,s,x,y) and g(t, s, x,y)
mean, respectively, the number of new births per unit time of the species z and
y, assumption f(¢,s,0,y) = g(t,s,2,0) = 0 is completely coherent because of
the number of individuals of the species = (or y) is zero at some time, then the
number of new births of this species must be zero. In particular, this implies
that (0,0) is always a solution of system (4).

Taking into account the origin of (4) we are interested in the existence
of nontrivial, nonnegative, continuous and qw- periodic solutions. Especially,
we are interested in the existence of coexistence states. Also the existence of
semitrivial solutions of (4) may be of interest, i.e. solutions with exactly one
nontrivial component: this means that one species may survive in the absence
of the other one.

Denote by P the cone of nonnegative functions in the real Banach space F,
of all real and continuous gqw— periodic functions defined on R, where if z € F

o] = max la(®)].
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Define the operator F'= (G,H) : P x P — P x P, by
F(z,y)(t) = (G(z,y)(t), H(z, y)(t)),
where
71(t)
G(z,y)(t) :/0 flt,s,x(t—s—1),y(t—s—1)) ds

and -
H(z,y)(t) :/0 g(t,s,x(t —s—1),y(t —s—1)) ds.

It is easily to see that F' is completely continuous (see [2]).
Take maxicr 71(t) = 71 and maxyegr m2(t) = To.
Theorem 3. Suppose that:

(H’1) f is bounded in bounded xz—intervals uniformly in (t,s,y) € [0,qw] X
[0,7’1] X R,

(H’2) g is bounded in bounded y—intervals uniformly in (t,s,x) € [0,qw] X
[0,7’2] X R,

(H’3) there exists a continuous function a : R x R x R — R such that

. f(t7 87 x? y)
lim —————2= = qa(t, s,
z—0t x ( y)

uniformly in (t,s,y) € R x R x [0, o],

(H’4) there exists a continuous function b : R x R x R — R such that

t
lim LESTY)
y—0t Y
uniformly in (t,s,z) € R x R x [0, o0],
(H’5) there exists a continuous function ¢ : R x R — R such that

lim f(t7 87 x? y)

r—r—+00 xXr

= c(t, s)

uniformly in (t,s,y) € R x R x [0, 00],
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(H’6) there exists a continuous function d : R x R — R such that

t
tim 90200 g )
Yy—r—+00 Yy

uniformly in (t,s,z) € R x R x [0, o0],

(H77) a(tasay) <a, b(tvsax) < b, V(t,s,x,y) eRxRx [0,00[X[0,00[,

(H’8) Co't = l%t =0 Vvt € R, where Cy = {s € R : ¢(t,t —s) = 0} and
Dy ={seR:d(tt—s)=0}.

Then if
am <1, br<l1 (5)

r(L(r,¢)) > 1, and r(L(m,d)) > 1,

F has at least four fixed points in P x P : (0,0), (x¢,0), (0,y0), (x1,y1) verifying
(1), where r(L(71,c)) means the spectral radius of the linear operator L(7y,c) :
E — F defined by

T1 (t)
L(m,0)x(t) = / c(t,s)x(t —s—1)ds, VrekE,
0
(analogously for r(L(1,d)) and L(12,d)).

Proof. We are going to prove that all conditions of Theorem 1, Remark 1
and Remark 2 are satisfied. For it, we must observe that (F, P) is an ordered

Banach space with P # ().
Select ¢ > 0 verifying

(a+e)i <1, (b+e)m<1. (6)
From hypotheses (H’3) and (H4), we obtain o(¢) > 0 such that
[t s,2,y) < (alt, s,y) + )z,
for all z € [0,0(g)] and for all (¢,s,y) € R x R x [0,00], and
g(t,s,x,y) < (b(t,s,z) +€)y,

for all y € [0,0(¢)] and for all (¢,s,2) € R x R x [0, c0].
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Now, taking a fixed o € (0,0(¢)], we claim that (H1) of Theorem (1) is
satisfied. In fact if (z,y) € So x P and A > 1 such that G(z,y) = Az. From
|z|| = o > 0, there is ¢; such that z(t;) = 0. Then we obtain

1 T1 (tl)
o) =5 [ ftnsatt = s =Dt — s =) ds

Tl(t1)
S/ [, s,2(ty — s —1),y(th —s —1)) ds
0
71(t1)
< / (a(ty,s,y(t1 —s —1)) +e)x(ti1 —s —1) ds
0

T1(t1)

§(a—|—5)/ xz(ti —s—1) ds
0

< (a—i—s)ﬁx(tl).

And consequently 1 < (a + ¢)7m; which contradicts (6). One may proceed in an
analogous way if ||y|| = o and € P. Therefore (H1) of Theorem (1) is verified.
To prove (H2) we need to prove the existence of G, (o0, y).
In fact, we are going to see that for all x € P and y € P.

G(00,y)x(t) = Gy(00,00)x(t) = L(11,c)x(t)

and

=0, uniformlyin y € P.

For it we must prove that
Ve e RY,3K(e) e RY : ||z|| > K(e)(x € P) y€P

|Gz, y) = L(n, c)z]]
[l

Let € > 0, then from (H’5) there is K(¢) € RT such that

| f(t,s,x,y) —c(t,s)z |[<elx]|, V(ts,y) e RxRxXxRVr>K(e).
Let, from (H’1), M(e) be the supremum of the set
{1 £t5,2,9) = clt,s)a |t € [0,qu],s € [0,m],y € Row € [0, K(€]} +1,

and K;(e) = X&),

£
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Then if € P satisfies ||z| > Ki(¢) and y € P, we obtain

| G2, y)(t) = L7, 0)x(t) |

71(t)
< / | ft,s,x(t—s—1),y(t —s—1)) —c(t,s)z(t —s —1) | ds.
0

Take

Bl ={scR:a(t—s—1)>K()}
and

Bl ={scR:z(t—s—1) < K(e)},
then

| G(2,y)(t) = L(m1,0)z(?t) |

s/ | Fts,a(t— s — 1), y(t—s — 1) — c(t, s)a(t — s — 1) | ds

[0,71(t)]NB}

+/ | f(t787x(t_5_l)7y(t_8_l)) —C(t,S).’E(t—S—l) | ds
(0,71 (£)N B2

7'1(t) 7'1(t)
S/ 5|x(t—s—l)|ds—|—/ M (e)ds
0 0

<em|x|| + 1 M(e)
<enllz|| +nKi(e)e
< 2emy||z||, VteR.

Therefore,
|G(2,y) — L(m, c)z|| < 2emi|lzll, Vz € Pillz| = Ki(e) VyeP.
Similarly we can prove that

H — L
li (x7 y) (7—27 d)y
y—r+o0 [yl

yeP

=0, uniformlyin =z € P.

Now, it is easily seen that (see the proof of Theorem 2.1 in [2]) L(7y,¢) and
L(7o,d) are strongly positive. Consequently hypothesis (H2) of the theorem is
satisfied. O

Now we present an example of Theorem 3.
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Example 4. Let f1 : [0,+00) x [0,00) — R be a continuous function
defined by

x(1+0052y), 0<z<1,<y>0

€, =
fi(z,y) {\/Ecos2y+4x—3v x>1,y>0,

and g : [0, +00) x [0,00) — RT defined by g1(z,y) = f1(y, ).

And take 3,3 : R — R a continuous, positive and w-periodic functions
(w>0)and ! =0.

Let us consider the system of nonlinear integral equations

Tl(t)

x(t) = / B(t — 5) fi(x(s), y(s)) ds,
Tg(t)

y(t) = /0 Bt — 5)gn(x(s),y(s)) ds.

If
f(ts,x,y) = Bt — s) fr(z(s),y(s))
for all (t,s,2,y) € R x R x [0, +00[x]0, +00]
and
9(t,s,2,y) = B'(t — s)g1(x(s), y(s))
for all (¢,s,2,y) € R x R x [0, +00[x[0, +00],
the hypotheses (H’1) -(H’7) of Theorem (3) are satisfied with a(t,s,y) = 5(t —
s)(1 + cos?y), b(t,s,z) = B'(t — s)(1 + cos®z), c(t,s) = 4B(t — s), d(t,s) =

46'(t — s).
Take maxscr 8(t) = 3, and maxscg 5/ (t) = 5/, then if

23 rg&@xn(t) <1 and 28 rg&@xm(t) <1 (7)
L) > 1, r(Lird)) > 1. ®)

the above system has at least four fixed points in P x P:
(07 0)7 (x()a 0)7 (07 yO)a (xla yl) Verifying (1)

Note that in the particular case where 8(t) = 8 € Rt and f/'(t) = 8 € RT
conditions (7) and (8) are satisfied if we take

! < minT(t) < (t) < !
_ a _
AN S T
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and

! < minTy(t) < (t) < L
—_— min max —.
48" teRr T2 = teR i 20!

Here we use that fact that (see [9, 2])

T1(t) T1(1)
i < < .
rtrélﬂg/o a(t,s)ds < r(L(m,w)) < I{lea@x/o a(t, s)ds

for every continuous function « : R x R — R which is w-periodic in t.

1]

2]
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