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Abstract: In this paper, we introduce a g-analogue of the poly-Genocchi num-
bers and polynomials which is a generalization of the poly-Genocchi numbers
and polynomials including g-polylogarithm function. We also give the relation
between generalized poly-Genocchi polynomials. We derive some relations that
are connected with the Stirling numbers of the second kind. By using special
functions, we investigate some symmetric identities involving g-poly-Genocchi
polynomials.
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1. Introduction

Carlitz has introduced the g-Bernoulli numbers and polynomials in [1]. Sri-
vastava and Pinter proved some relations and theorems between the Bernoulli
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polynomials and Euler polynomials in [18]. They also gave some generalizations
of these polynomials. In [12]-[16], Kim et al. investigated some properties of
the ¢-Euler polynomials and Genocchi polynomials. They gave some recurrence
relations. In [2], Cenkci et al. gave the g-extension of Genocchi numbers in a
different manner. In [14], Kim gave a new concept for the ¢-Genocchi numbers
and polynomials. In [17], Simsek et al. investigated the ¢-Genocchi zeta func-
tion and [-function by using generating functions and Mellin transformation.

Throughout this presentation, we use the following standard notions N =
{1,2,---}, Ng ={0,1,2,--- } = NU{0}, Z= = {-1,—-2,--- }. Also as usual Z
denotes the set of integers, R denotes the set of real numbers and C denotes
the set of complex numbers,

Note that lim,[z], = .
The classical Genocchi numbers G,,, the classical Genocchi polynomials
Gy (z) and the generalized Genocchi polynomials G\ (x) of (real or complex)

order « are usually defined by means of the following generating functions (see

[1-[18]):

<et2+t1> :ZG"%H! (Itl<m), (L)

n=0

2t a“—OOG(“)tn 1.2
dr1) ¢ —Z n (It]<m), (1.2)

n=0
and
« oo n
(%) et = ;)G;a)% (Jt]|<m1=1), (1.3)
with
Gr(0) = Gu(0) = G,
respectively.

Kim et al. [16] introduced and studied poly-Genocchi numbers and poly-
nomials as follows:

o

X tn

e =) :Gg@(x)a (k € Z,n € Ny), (1.4)
n=0

2Lig(1 — ")
et +1
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where -
. z™
Lip(z) = ) —o lel <1, (see [4]).
m=1
So for k <1,
. . z . z
Lig(z) = —=In(1 — 2), Lig(z) = T Li_y(z) = a2

The k-th g-polylogarithm function Liy 4 is introduced by (see [3]):

Lig o(2 Z " ken). (1.5)
1

For nonnegative integer k, the g-polylogarithm function is represented by a
rational function

Lig 4(2) o zk: ( ) % (1.6)

=

Recently, Jung-Ryoo [3] introduced g-analogue of poly-Bernoulli numbers
and polynomials defined by means of the following generation function:

Lik#](l — e_t) xt — ( ) " k 7, N 1.7
Te —Z nq(l')ﬁ ( € L,n € (]). ( . )
n=0

The Stirling number of the first kind is given by (see [15-19])
(@) =a(x—1)---(r—n+1) ZSlnl (n>0), (1.8)
and the Stirling number of the second kind is defined by generating function
t - t!
(! —1)" = n! ng(z,n)ﬁ . (1.9)
l=n

The main object of this paper is follows. We consider g-analogue of poly-
Genocchi polynomials and we give some formulae of these polynomials related
to the Stirling numbers of the second kind. Some implicit summation formulae
and general symmetry identities are derived by using different analytical means
of the respective generating functions.
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2. A ¢-analogue of poly-Genocchi polynomials

In this section, we define a g-analogue of poly-Genocchi polynomials Gglk?](x)
and investigate some properties of these polynomials. We start a following

definition.

Definition 2.1. For n > 0, n,k € Z and 0 < ¢ < 1, we introduce a
g-analogue of poly-Genocchi polynomials by means of the following generating
function:

2Lig (1—e) ., k) 1"
e = nz:(:) Ghig(@) =, (2.1)
where -
tn
Ligq(t) = Z [T
n=0 [n]q

is the k-th g-polylogarithm function.

When =z = 0 in (2.1), Gf{fg = Gﬁ{fg(o) are called a g-analogue of poly-
Genocchi numbers.

From (2.1), we have

-~ 2Ligg(1—e™) 4 Ay "
For k=1 and ¢ — 1 in (2.1), we have
2Lij1(1—e™) ., « tn

Thus by (2.1) and (2.3), we get

where G, () is the Genocchi polynomials (see [5]).

Theorem 2.1. For n > 0, we have

Gy, y) = < " >G,&’i’m,qw (2.4)

m=0
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Proof. From (2.1), we have

Comparing the coefficients of £; in both sides, we obtain (2.4).

Theorem 2.2. For n > 0, we have

¢ =3 (0) 26 i)

m ) m-+1

2 Lo | 1 ¢
:_eﬁ/ / / Z dee . de
et +1 g €—1 /) e#—1 e#—1Jy e#—1

In particular, if £ = 2, we have

00 t & m
n 2 z t"B,,m! 2t
a 2) v xt/ ds — m xt
Z n,l(dj)n! et+1e 0 ez — 1 “ mzzo(m—i—l)m' 6t+1e

(S (o)

Replacing n by n —m in above equation, we have

_ZZ< >m+1'G (g;)%n!.

n=0m=0

93

(2.5)

On equating the coefficients of the like powers of ¢ in the above equation, we

get the result (2.5).

O
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Theorem 2.3. For n > 0, we have

n 2 l+p+1l'5( +1,0)
G (x 2P ( > Gy(). 2.6
le rn el G LD

Proof. From equation (2.1), we have

Now

B o) p+1 (_1)l+p+1l Sg(p—i-l l)
Sy (e

|
n=0 =1 q p+1 n=0 s

> o &P (—yet g 1,1 > i
ZG”]?‘)’(QEW:Z_:O(Z( AR )>p' <ZG”(””)_)'

Replacing n by n—p in the r.h.s of above equation and comparing the coefficients
of t", we get the result (2.6). O

Theorem 2.4. For n > 1, we have

n _
G +1)+ G —222 sy ,l)(p)x” P ()
p=11=1
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Proof. Using definition (2.1), we have

ic,g @+ +ZG
n=0

_ 2Ligg(1—e) @+t 2Lig (1 —et)
N et +1 c et +1
= 2Lig 4(1 — e ")e™
] p I+
—1)Hr P
= Z QZ%Z!SQ@J) —'e”3t
p=1 \ I=1 g P
oo p 1+ oo n
(=1)*P t t
=2 (22 iR 1S2(p0) | > !
p=1 =1 n=0

Replacing n by n — p in the above equation and comparing the coefficients
of t", we get the result (2.7). O

Theorem 2.5. For d € N with d = 1(mod2), we have

ptld- 1 1)HP+1S
p+1,1

=0 a=0 ]q

p=0
x <—1>aGn_p<“*d‘x>. (2.8)

Proof. From equation (2.1), we can be written as

> " 2Lip (1 —et) Lij (1 — et 2
(k) v k.q xt k.q _1\a(atx)t
;Gn,q(az)n! =7 ¢ = ; ] az::( 1)%

© )l+p+1 Sg(p—i—l,l) P
,;(Z e )H
(de 12 a—i—a:)f:!)'

Replacing n by n — p in above equation and comparing the coefficient of ", we
get the result (2.8). O
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3. Summation formulae for g-analogue of poly-Genocchi polynomials

In this section, we derive implicit formulae for g-analogue of poly-Genocchi
polynomials G,(lk()l(:z:) and some properties. We start a following theorem as
follows.

Theorem 3.1. For z,y € R and n > 0, we have

o) = 3 (1) (2)w=amnel, @ )

m,n=0

Proof. We replace t by t + u and rewrite the generating function (2.1) as

Wi (1 — ()~ (W) () >0 (k) th P
ettu ] ¢ Z Gl+p q( )ll pl (3.2)
1,p=0
Replacing x by y in the above equation and equating the resulting equation
to the above equation, we get

o)) N () tup_ o (k) tup
el i) zz: Glipg(® )ll p! _lz GlipaVs )ll (3.3)
m, =0 ,p=0

On expanding exponential function (3.3) gives

[ee] [ee] [ee]
[(y — 2)(t +uw)™ ) k) P

N! Z Gl+p,q( )ll pl Z Gl+p,q( )ll p! (3.9)
N=0 1,p=0 1,p=0

which on using the formula ([6])

Zf x“’ Z fn+m—|y—' (3.5)

n,m=0

in the left hand side, becomes

) KR SO S BN AT O S BN
Z min! Z Clipq(@ )ll o Z Gy )l' o (3.6)
m,n=0 1,p=0 1 p=0

Now replacing I by | —m, p by p — n in the left hand side of (3.6), we get
m+n tl u?

Z Z m'n' giL*m*”’q(m) (l—m)! (p—n)!

m,n=01,p=0
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tl uP
o Z l+pq ll pl‘ (3.7)
1,p=0
Finally on equating the coefficients of the like powers of ¢ and w in the above

equation, we get the required result. O

Corollary 3.1. By taking | = 0 in equation (3.1), we have

a®(y) zi: ( ) 2" a® | (). (3.8)

Theorem 3.2. For z,y € R and n > 0, we have

n n ' .
G +u) = < ; ) WG (x). (3.9)
=0
Proof. Since
Liz (1 — (e)7?
ZG x+ut lk,q(t (€)7) (atu
et +1

Now replacing n by n — j and comparing the coefficients of ", we get the
result (3.9). O

Theorem 3.3. For x € R and n > 0, we have

" n
G+ =3 < . >G£Zk_)m,q(x). (3.10)
m=0

Proof. From (2.1), we have

o0 .
t" 2Lig (1 —e™?)
_ k) () = 20k © ) wtt
Zqu(m)n! - b1 (e" = 1)
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~(Setol) (L 5) - et

n=0 m=0 n=0
t" = t"
DD ™) it~ 2 Cnale)
n=0m=0 n=0
Finally, equating the coefficients of the like powers of t", we get (3.10). O

Theorem 3.4. For x € R and n > 0, we have

Gl (=) = (=1)"Gf (). (3.11)

Proof. We replace ¢ by —t in (2.1) and then subtract the result from (2.1)
itself finding

Lir(1—e™), o - YN
P ] = - ety
which is equivalent to
AV CTRVANER VRS PR AR o R S PN
Z n,q(x)m _Z n,q(_aj)a _Z[ _(_ ) ] n,q(x)m
n=0 n=0 n=0
e m & m o 1
S G @) — G, o) = S = (C1)IEE @)
n=0 n=0
and thus by equating coefficients of like powers of ", we get (3.11). O

4. Symmetry identities

In this section, we give general symmetry identities for g-analogue of poly-
Genocchi polynomials G( )( ) by applying the generating function (2.1). The
results extend some known identities of Jung-Ryoo [3] and Khan et al. [5]-]9].

Theorem 4.1. Let a,b > 0 and a # b and z,y € R, n > 0, the following
identity holds true:

> < - >b Gy (02) G (az)

m=0
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n
n min—
-y < " >a = G® L (az)GE) (br). (4.1)
m=0

Proof. Start with

G(t) = (

(2Ligq(1 — e~ ™)) (2Lix,g(1 =)\ oupe
T (1 1) > g2abwt, (4.2)

Then G(t) is symmetric in a and b and we can expand G(t) into series in two
ways to obtain

1 & (at)" (bt)™
G(t) = b Z;)Gﬁf?l(bx) ] z:OGgi,)q(an)W
n= m=

n

_ = - n n—miym ~(k) k "
= Z_;] (Z < m )a b Gn_qu(bx)GT(n?q(aa:)> e

=0

Similarly, we can write

G(t) = i G (ax) (bt?n i Gf,’f?q(bx)(a;—):l
n=0 Y om=0 ’

n

_ — - n mpn—m ~(k) k "
_ ZO (Z < o >a b Gn_qu(am)Ggl?q(bx)> —
n=

m=0

Comparing the coefficients of %n, on the right hand sides of the last two equa-
tions, we arrive the desired result. O

Corollary 4.1. By setting b = 1 in Theorem 4.1, we have

3 ( " )a"mcé’i’m,q<x>cg’i?q<ax>

m
m=0

n
n k
— Z ( m ) amngm’q(ax)Ggﬁ?q(x). (4.3)
m=0
Theorem 4.2. Let a,b > 0 and a # b, n > 0, the following identity holds

true:
~(n = ) b (k)
E < o ) pman ™ E E Gn’m.g <b:c + E’L +]) qu(ay)

m=0 i=0 j=0
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n n b—1a—1 a
- ( ) a3y AW (aa: + i+ j) G (by).  (4.4)
=0 j=0

Proof. Let

H(t) = <(2Lik,q(1 — €7 %)) (2Lij 4(1 — e7b")) (e + 1)2eab(w+y)t>

(et + 1)2(ebt + 1)2

H(t) = 2Ligg(1 — e ™)\ e (€0 +1
N (e? +1 ¢ ebt +1

2Lij 4(1 — e Jabyt et 4 1
e +1

)
et +1
) -1
2Lig4(1 — e_at)> abat N i bti
t € Z(_l) €
(e +1 i=0

2Lij 4(1 — e7%)
ebt +1

X Il
N 7N

b—1
N C(—1)f e (4.5)
Jj=0

. “1b-1
_ <2L1k,q(1 —e ) X Z—|—j (bz+2 ~i+j)at Z G k‘)

(eat +1 prr e
o a—1b—1 b )m
:Z Z+JG(k (b.’E-l- Z+ ) Zqua’y '7
n=01:=0 j= )
o0 n
Ht) =Y (Z ( . > b
n=0 \m=0
a—1b—1
z+ (k) b . k t"
X 0 O yriay” - (bx + o +j> G,(n’)q(ay)) ot (4.6)
1=0 j=

H(t) = i (zn: ( . > e

b—1 a—1
it a. . "
X YOS (1) +JGg€_)m,q (am + 5 +j) G;’;}q(by)) —. (4.7)

i=0 j=0



A NOTE ON ¢-ANALOGUE OF POLY-GENOCCHLI... 101

On comparing the coefficients of ¢ on the right hand sides of the last two
equations, we get (4.4). O
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