International Journal of Applied Mathematics

Volume 27 No. 6 2014, 589-603

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)
doi: http://dx.doi.org/10.12732/ijam.v27i6.6

ON THE CONVOLUTION AND NEUTRIX CONVOLUTION
INVOLVING THE FUNCTIONS cosh™ !z, sinh™'z AND 2"

Fatma Al-Sirehy

Department of Mathematics
King Abdulaziz University
Jeddah, SAUDI ARABIA

Abstract: The domain of the function cosh™! z is extended to the real line by
putting cosh™ 2 = 0 on the interval (—1,1). The neutrix convolution cosh™! z®
2" and sinh~' 2z ® 2" are evaluated for » = 0,1,2,.... Further results are also
given.
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1. Introduction

The domain of the function cosh™ z is extended to the real line by putting
cosh™ 2z = 0 on the interval (—1,1). The functions cosh 'z, cosh™'z_,
sinh™ !z, and sinh ™! z_ are then defined by

cosh ™'z, = H(z)cosh™'z, cosh ™' z_ = H(—x)cosh™ 'z,

sinh™ 'z, = H(x)sinh™ !z, sinh™'z_ = H(—z)sinh ™'z,

where H denotes Heaviside’s function. Note that
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cosh ™'z = cosh™ 24 4 cosh™' z_
and
sinh ™!z = sinh ™'z, +sinh~ 'z

The classical definition of the convolution of two functions f and g is as
follows:

Definition 1. Let f and g be functions. Then the convolution f x g is
defined by

(f * 9)(x / P9 — t)dt (1)

for all points x for which the integral exists.

It follows from Definition 1 that if f % g exists, then g x f exists and

frg=gx*f. (2)
Further, if (f x ¢g)’ and f * ¢'(or f’ * g) exist, then
(fxg) =fxg (orf xg). (3)

Gel’fand and Shilov [5] extended Definition 1 to define the convolution f g
of two distributions f and g in D’, the space of infinitely differentiable functions
with compact support.

Definition 2. Let f and ¢ be distributions in D’. Then the convolution
f * g is defined by the equation

((f * g)(@), (@) = (f(y), (9(x), p(x + ) (4)

for arbitrary ¢ in D', provided that f and g satisfy either of the following
conditions:

(a) either f or g has bounded support,

(b) the supports of f and g are bounded on the same side.

It follows that if the convolution fx*g exists by this definition, then equations
(2) and (3) are satisfied.

The definition of the convolution is rather restrictive and so the non-commuta-
tive neutrix convolution was introduced in [2]. In order to define the neutrix
convolution we first of all let 7 be a function in D satisfying the following
properties:
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(i) 7(x) = 7(—2),

(i) 0 <7(z) <1,

D=

)

)
(iii) 7(z) =1 for |z] <
(iv)

7(x) =0 for |x| > 1.

The function 7, is then defined by

L, |z < n,
Tn(z) = ¢ T(n"w — n"tY), 2 >n,
r(n"z +n"t), < -n

forn=1,2,....

We have the following definition of the commutative neutrix convolution
product.

Definition 3. Let f and g be distributions in D’ and let f,, = f7, for
n=1,2,.... Then the neutriz convolution f ® g is defined as the neutrix limit
of the sequence {f, * g}, provided that the limit h exists in the sense

N;gﬂh*%w%=%m>

for all ¢ in D, where N is the neutrix, see van der Corput [1], having domain
={1,2,...,n,...} and range N”| the real numbers, with negligible functions
being finite linear sums of the functions

nn"tn, In"n (A>0,r=1,2...)

and all functions which converge to zero in the usual sense as n tends to infinity.
In particular, if
lim (f *g,0) = (h, ¢)
n—oo

for all ¢ in D, we say that the convolution f x g exists and equals h.

Note that in this definition the convolution f,, * g is as defined in Gel’fand
and Shilov’s sense, the distribution f,, having compact support. Note also that
because of the lack of symmetry in the definition of f®g, the neutrix convolution
is in general non-commutative.

The following theorem was proved in [2], showing that the neutrix convolu-
tion is a generalization of the convolution.
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Theorem 2. Let f and g be distributions in D’ satisfying either condi-
tion (a) or condition (b) of Gel’fand and Shilov’s definition. Then the neutrix
convolution f ® g exists and

f®g=[fx*g.

We need the following results which are proved in [3] and [4]:

r

2r 2r
h2r — 21721" h(2 2727“
cosh”” g (7“ B k) cosh(2kx) + E

k=1

~ (2r—1
cosh® 1z = 2272 E ( " k> cosh(2k — 1)z,
r—
k=1

for r = 1,2,.... For shortness, we will write

.,
cosh” z = Z ar i, cosh(kz),
k=0

where agy op+1 = a2,—12k = 0, for k =1,2,...7, so that
T
cosh® z = Z agy ok cosh(2kx),
k=0

T
cosh?lg = Z agr—12k—1 cosh(2k — 1)z,

k=1
L 2 N\ (k-1 . .
Sjnh(Q'er) = Z <2k. - 1) < j )(_1)k+]+1 COSh2r—2k+2j+1 xsinhx,
k=1 35=0
r k—1
2r—1\ [k —1 : ,

sinh(2r — 1);5 = Z <22 B 1> < j )(_1)k+]+1 Cosh2r72k+2] xsinh z,

k=1 75=0
for r =1,2,.... For shortness, we will write

T
sinh(rz) = Z by i cosh” z sinh
k=1
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for r = 1,2,... and k = 1,2,...7r, where by.or = byr_12p,—1 = 0, for k =
1,2,...7, so that
,
sinh(2rz) = Z bar 2k+1 cosh? 21 g ginh 2,
k=1
sinh(2r — 1)x Z bar—1,2k cosh? =2 z sinh z.
k=1
r k b
/coshrxdx = Z k ki coshi g sinh @ + ar 0, (5)

forr=1,2,....

h "= H(x-1
cosh™ xp * ', (x )]; i P

i

T <T> [(_1)k(fvr+1 — a0t ) cosh ™!z
Jj=

0
k+1
1

ak?-f—ll ,] T’+] k -1 1/2 6
>3 @ -2, @
"/ am A
cosh o, ®a" = <k>( 1)Far k[CkJrl > +kz_|_1 ]7 (7)
k=0 i=1 j=1
where
0, k odd, 0, J even,
k= 14+k/2 —1/2> 1 dy, = ( 1/2 ) ;
-1 -,k , , , dd.
(=1) < k2 )k PR G+u) 7°
—1 r ~ (7 k r— SR ak-i—lz
coshz®z" = Z 1 [(=1)" + 1]z [Ck“ ZZ k;+1 ]’ (8)
k=0 i=1 j=1
forr=1,2,....
A o\ | (=1)Fa T sinh T e
sinh ' oy k2!, = Z()[ *
— k k+1

k+1
Zia’”“ IR CER S ()
(k+1) "+ ’
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r k+1 i
sinh™! rye®x’ = Z <]:> (—l)kfl;’r_k |:Ck+1 Z Z akJr]i lejd }7 (10)

k+1 4

sinh~1 2 @z = i (2) [(—1)k _ 1 x' |:Ck+1 ZZ akJrkl:z—f ,1]d ] 11)

forr=1,2,....
We now prove the following theorem.

Theorem 3. The neutrix convolution ™ ® cosh™! z exists and

r kt1 k+m+1
' ®cosh™ " xy = ,;(k)k—ﬂ[mzl< m ) +
20k+1 th+1 k 1 1—
k+1 1/2 ( ) +i4 r+ m
ey ()

m=21 i=1
k+1 1 a l]
k+1z Lk+1,iY%,5 k+l+1 r—k+j+1—21
DB I Nl ) O
i=1 j=1 =0
forr=20,1,2,..., where
% k even %, J even,
=<¢ k-1 l; = 1
'k Pl kodd Y % j odd.
Proof. Putting [z"],, = 2"7,(x), we have
r+n
[z"], xcosh ™tz = / cosh L t(x —t)" dt
1
z+n+n—"
+ / cosh™ t(x — t) 7, (t) dt
T+n
T

r +n
= Z ( >(—1)erk/ t* cosh ™! t dt
k 1
k=0
zt+n+n—"
+ / cosh™ t(x — t) 7, (t) dt
+n
= L+ I (13)
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Making the substitution ¢ = coshu, we get

z+n cosh™! (z4n)
/ thcosh™ ' tdt = / wcosh” u sinh u du
1 0

(z +n)** ! cosh ™! (z +n) /COShl(‘””) cosh* 1y
kE+1 0 kE+1
(@ +n)" —agy10) cosh ™ (z + n)
B k+1
k+1 1 Qi
+1,ib j 2 1\1/2
ZZ k:+1 (z+n)((z+n)? =12 (14)

Now, when x > 1, we have

cosh 4 )} = (G = )72 = k) Y (7)1

=0

and so

+ constant

—1/2) (=)' (z +n)~*

cosh™!(z +n) =In(x +n)— Z < 57

=1
(0.]
—1/2 1 i+1 21
Z ( / ) ( ) (ac + n) + constant
7 21
=1
Hence, for £k =1,2,..., we have

k m
N—lim(z + n)* cosh™H(z +n) = Z (k>ﬂxk +

n—o0 m m
m=1
2ik s 1,.k—m
kN [(—1/2\ (=1)"*
15
* , <m>< ? ) 21 15)
m=21 1=1
where
g, k even,
b = Z 16
tk F=1 oy odd, (16)
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Further,

(x+n)? =12 = (z+n) i (1/2> Y(x+n)"2,
1=0

and so
12
N—lim(z 4+ n)’((z +n)? — 1)¥/? = Z < > 1)lgdt1=2 (17)
where
2, jeven,
li = i+ 1 18
TS joda (18)
2
Hence

T k+1 k+m+1
. r 1 E+1\(-1) il
Nl = Z(k)k—ﬂ{z( m )T“’

n—»00
k=0 m=1

.\ 21k+1 Zk+1 k41 1/2 k+z+1 r+1 m
m 21
m= 2zz 1
k+1 i ar lj 1/2
+1 k ! —k —21
sy ety (TP )y
=1 j=1 =0

Next, it is easily seen that s = O(n™") and so
lim I, = 0. (20)

n—o0
Equation (12) now follows from equations (13), (19) and (20).
Replacing = by —z in equation (12), we get
Corollary 3.1 The neutrix convolution =" ® cosh™! z_ exists and

r -1 _ ry 1 k+1)\ (=1) r+1
Tgcosh e = Z@m[mg( m )T“’

k=0

LRy (e

m=21 =1

k+1 1 l]

I ZZ ak+1z Ak+1,i%,5 ( > ]+z r—k4j+1— 21] (21)

i=1 j=1 =0
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forr=0,1,2,....

Corollary 3.2 The neutrix convolution =" ® cosh™! x exists and

. - B r k+1 4 ” ak+lz
T & cos r = ZZZ() k+1

k=0 i=1 j=1
- 1/2\ o ktjii-a kri+1 j+l
<> (1F)e [(C1F 4 (1), (22)
=0
forr=20,1,2,....
Proof. We have
2" ®cosh loz=a"®cosh ™tz + 2" ®cosh™ta_

and then equation (22) follows from equations (12) and (21).

Corollary 3.3. The neutrix convolution 2" ® cosh™!z exists and

r k+1 r+k+m+1
a” ®cosh'xy = kzo <k> T [TRZ:l < gy

m m
241 T4 ktitl, r+1—m
k—l—l 1/2 ( )T‘+ +i+ "
sy ()
m=21 1=1
k+1 4 l] 1/2
i Zzakﬂz i,j < / > 7‘+k+l+1 r—k+j+1-21
i=1 j=1 1=0
(2" — apq1.02" %) cosh™ o
+(_1)r+1+kH(x o 1) [ ,
k+1
D L
i=1 j=1

forr=0,1,2,....
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Proof. We have

(=1)"z" @ cosh ' z; =2" ®cosh 'z — a', * cosh™' a4

r ktl k+m+1
B r\ 1 E+1\(-1) il
_0<k>k—|—1{z<m> m vt

k m=1
2ip 11 gt k+it1,.r+1—m
k+1 1/2 (—1) Fitlgr
_|_
Sy ()
m=21 i=1

agy1,:bi 1/2 kil kit 120
1 r—k+j
P22 (l e |

—H(z—1) i (2> [(_1)k(xr+1 — agp1,08" F)cosh ™!z

prt kE+1
k+1 1 ak-l,-l /
_ N ) YR 1LaY -k 1/2
>y b e g 02— 1)
i=1 j=1

By using equations (6) and (12) equation (23) follows.
Replacing = by —x in equation (23), we get
Corollary 3.4. The neutrix convolution x, ® cosh™! z_ exists and

k+1

T -1 o . r 1 k +1 (_1)k+m r+1
Ty ®cosh o _kzzo(k>k—|—1[mzzjl<m> m S
20p41 tpt1 ; _
k+ 1/ (_1)k+lxk?+1 m
23 (LN

m=21 i=1
k+1 4 ak+1 lj 1/2
i +l k+j+1-21
+ZZ T Ly
+ =0
m\ [z + (=1)*ap; 102" %) cosh ™
+(-1)*H(x —1) Z <k> [ Pl
k=0
k+1 1 ax
-2 o k+1 Ha? - 1) (24)
=1 j=1

forr=20,1,2,....
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Theorem 4. The neutrix convolution " ® sinh™! 2., exists and
+

r k+1 k+m+1
-1 B T 1 E+1\(-1) 41
vosite. = (e[ () T
k=0 m=1
2ig41 g1 E 1
k+ 1/2 (—1)kgrti-m
o () S
m=2i 1=1
k+1 1 lj

+(_1)k+1 Z Z ak;l—; 1 Z ( ) 1“+j+17k72l]’ (25)

1=1 j=1 =0
forr=20,1,2,....
Proof. Putting [z"],, = 2"7,(x), we have

T+n
[z"], *sinh ™tz = / sinh ™' t(x —t)" dt
0
z+n+n—"
+ / sinh ™ t(x — )77, (t) dt
T+n
r r z4n
= Z (k) (—1)’%“’“ / t* sinh ! ¢ dt
k=0 0
z+n+n=—"
+ / sinh ™ t(x — )77, (t) dt
T+n
= 6L+ I (26)

Making the substitution ¢ = sinh u, we get

z+n sinh =1 (z+n)
/ tFsinh~'tdt = / wsinh” u cosh u du
0 0

(z + n)F+sinh ™ (z + n) /sinhl(:v-‘rn) sinhF 1y
0

d
k+1 el ¢

(z +n)*tsinh ™! (z + n) ' ag+1,ib 9 9
_ 172, (27
o ? 1}}}; S (0 (@ )+ 10 (20)

Now,

[sinh ™Yz +n) = (z+n)? + 1) V2 = (z+n)"! Z <_1Z/2> (x4 n)~%

1=0



600 F. Al-Sirehy

and so
o .
1/2 2
sinh ™ (2 +n) = In(z +n) Z ( / > ° +2?Z) + constant (28)
=1
)itlgt & 1/2) (@ +n)” 2
=Ilnn+ Z - Z ( ) 5 — + constant. (29)
Hence, for £k =0,1,2,..., we have

n—oo

k m
N—lim(z 4+ n)*sinh ™ (z +n) = Z <k>ﬂxk+

Further,

(& +n)®+ 1Y% = (z+n) i (%2) (€ +n)~™

i=0
and so for j =1,2,..., we have
b 1/2
N—lim(z + n)((z +n)? +1)/2 =) ( ) 212 (31)
r k+1 k+m+1
. ry 1 k4 1\ (-1) 1
N—lim I - —[ rt
oo L Z(k)k-l—lz(m) m S
k=0 m=1
2ig41 oy k. r+l-m
1) (~1/2) (D
D 3 Bl (A I Qe B
m=27 1=1
5L L apribig oa (1/2
)k +1,i zg r+j+1—k:—2l] 39
FEDM DD D i(k+1) 1) (32)
i=1 j=1 =0
Next, it is easily seen that Iy = O(n~") and so
lim [, = 0. (33)

n—o0

Equation (25) now follows from equations (26), (32) and (33).
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Replacing x by —z in equation (25), we get

Corollary 4.1. The neutrix convolution =" ® sinh™! z_ exists and
L r\ 1 E+1\(-1)

T h 1 = |: r+1

wesm e = S (e[S (5 ) e
k=0 m=1
241 Th41 k+1, r+1—m
k+ 1/2 (—1)F+1gr

ey ()

m=21 i=1
k+1 i a il 1/2
+1 ). j —K—
i ZZ ib ] Z( l )xr+]+1 k 21]’ (34)
i=1 j=1 =0

forr=0,1,2,....

Corollary 4.2. The neutrix convolution =" ® sinh~! z exists and

k+1 ¢
" ®sinhtr = i m_1 [iidkﬂ,ibm(—
k)k+1Lle4 i
k=0 =1 j=1
b

y (1?2) [(—1)F+! + (_1)j]xr+j+1—k:—21] (35)

=0

1)r+j

forr=20,1,2,....
Proof. We have
2" ®sinh 'z =2" ®@sinh 'z, + 2" ®sinh 'z
and then equation (35) follows from equations (25) and (34).

Corollary 4.3. The neutrix convolution 2" ® sinh™ 'z, exists and

r k+1 r+k+m+1
T a1 _ r 1 k+1 (_1) N r+1
oL @i =) <k>k—+1[m§ (" >T~’”

k=0
21]€+1 Zk+1 k 17m k+1 4
kE+1 1/2 (=1)rrart k+1 ak+1z Ok+1,i0i,5

s (V) Sk 3Dy kil

m=21 1=1 2 =1 j=1

Ly T

1/2 -

% Z ( ? )ererrlel] +(—1)rt Z (Z)

=0 k=0

( 1)k r+1 smh k+1 1

Q1,30 Ak+1,i9,5 2 k+1/..2 3/2
8 P ZZ ik +1) (z"+1) (36)
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forr=0,1,2,....

Proof. We have

(=1)"2" ®@sinh ' 24 =2" @ sinh 'y — 2, xsinh ™'z

z(%HSXﬁUJTMWI
+2%Z+Wi <k:+1)( 1/2)( )k2;+1 m

m=27 1=1
k+1 4 ak-l,-l 1/2
k—i—lzz Yk+1,0Y,5 Z( ) r+j+1—-k—21
=1 j=1
Z —1)k2" sinh !
k+1
k+1 14

akHHJ k+1 /2
ZZ D S @y

By using equations (9) and (25) equation (36) follows.
Replace z by —z in equation (36), we get

Corollary 4.4. The neutrix convolution x', ® sinh™! z_ exists and

o @sinhTo = kz_o(k:)k:—ﬂ[mzl< T

2Zk+1lk+1 k41 1— k+1 1
k1) (-1/2) () 1 usnib

£33 () () e s e

m=21 i=1 i=1j=1

L r

1/2 ;
k(7)o E )
1=0 k=0
k+1 1

(—=1)kz" sinh ™! Ot1ibij ki i/2

. k1 Z;; (k+1) @+ BT

forr=20,1,2,....
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