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Abstract: In this article the author continues the examination of the classes
Vi, and C} of functions univalent in the unit disc. In addition to the already
obtained sharp growth and distortion results for these classes, we provide a
length-area estimate for the class C}.
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1. Introduction and Definitions

Let us first recall the main definitions for the necessary background. By S we
denote the class of functions of the form

fz)=2z+ Zakzk
k=2

which are analytic and univalent in the open unit disk EF = {z : |z| < 1}, and
by C' denote the class of convex functions:
z2f"(z
f(z) € C if and only if for z € E, 5}%{1 + JJ:/(())} > 0.

z
Many authors have examined different classes of functions related to the
class C of the convex functions. Some of the new classes are sub-classes of the
class C, and others contain this class. Recently, some interesting results have
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been obtained by E. Aliago and N. Tuneski [1].

The following definitions will be necessary for the definition of a new class
O}, for which a length-area estimate will be obtained.

For k > 2, denote by Vj the class of normalized functions of bounded
boundary rotation at most kw. Thus g(z) € Vj if and only if g(z) is analytic in
E, ¢ (2) #0, g(0) =¢(0) =1 =0 and for z € E:

2m / !
/ NG PP (1.1)
0 9'(2)

Another definition of the class Vi comes from the known fact (see [7]) that
for 2 < k < 4, Vj consists only of univalent functions (in fact, close-to-convex
functions).

For fixed k, let V}, denote the class of functions ¢g(z) normalized so that

g9(z) =z + Z by 2"
n=2

which are analytic in £ and have an integral representation of the form

g (2) = exp {% /027r log (1 — ze*it)_l d,u(t)} , (1.2)

where p(t) is real-valued and bounded variation on [0, 27] with

27
| autt) =2,
0

. (1.3)
| o) < .

The representation formula (1.2) together with (1.3) is due to Paatero [7]
and is equivalent to the definition (1.1) for g(z) € V.

In 1917, Lowner [2] was the first to consider functions of bounded boundary
rotation. Later Paatero [7, 8] made an exhaustive study of the class. The
function gi(z) defined for z € E by

(ii)g - 1] :an(k)Z" (1.4)

belongs to V and is extremal for many problems.
Paatero [7] proved some sharp distortion theorems for g(z) € Vj.
Let f(z) be analytic in F, f/(0) # 0 and normalized so that

f0)y=0, f(0)=1

gk(2) = %
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Then, for k > 2, f(z) € T} if there exists a function g(z) € Vi, such that for
zeFE

> 0. (1.5)

Clearly To = K, the class of close-to-convex functions.

We now define a new subclass C}; which has the same relationship with T},
as C has with S* (the class of starlike functions).

Let f(z) be analytic in F and normalized so that f(0) =0, f/(0) = 1 and
f'(2) # 0. Then f(z) € C; (k > 2) if there exists a function g(z) € V}, such
that for z € F

> 0. (1.6)

Clearly, C5 = C* — the class of quasi-convex functions [6].

From definition (1.6) it follows easily that
f(z) € Cf ifand only if z2f'(2) € Ty. (1.7)

If we consider the function

1 142\2+! >
F = — —-1| = An(k 1.
= | (1) D IEHCCHINE
it is easy to show that Fy(z) € Ty ([5]).
Let P be the class of functions h(z) given by h(z ch " which are

analytic and have positive real part in F.
For z = e’ € F and f(2) € S we will denote

L(r,f) = /%r ! (rei9> ‘ de.
0

Also, we will use the following denotation

2

A(r, f) =

o0
69 pd,od@ = WZn|an|2r2".
n=1
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2. Some Known Results

Theorem 2.1. (see [7]) If g(z) € Vi, then for z = re? € E
1 1-7\? 1472
L - +r 1
k 147 1—r

k k
1 1—7r\2 1 147\2
— <q < .

1—7r2\1+7r

9

1
< < —
<lg(a) < ¢

The function gi(z) defined for z € E by

1[/1 3 o
ERE
n=2

gk.(z):E 1—-=2

shows that these inequalities are sharp.

Theorem 2.2. ([10]) Let g(z) € Vi and & € E. Then F(z) € Vj, where
F(z) is given by
£tz )
g (1 +Ez> 9(&)

FE =S

Theorem 2.3. ([5]) Let f(z) € Ty, then for z = re? € E:

(L=1)2 ey < (L41)2
Qambe S (1-7)5+2

These bounds are sharp, and equality is attained for the functions Fj(z)
1+ 2 31 1
() )

Theorem 2.4. ([3]) If h(z) € P, then for z = re? € E:

defined by

1—r 1+7r .

LT ) < 1T (0
zh (2) 2r .

h(z) | = 1—7r% (#)

W () < 213%?(3. (i)
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Theorem 2.5. ([5]) Let H(z) be analytic in E and be defined for z € E
by H(2)g() = (24/(2)) for g(z) € Vi. Then

H(z) = <§ 4 %) ha(z) — <§ - %) ho(2),

where hy(z), ha(z) € P.
Also for z =re € E,

1 [ 1+ (k% —1)r?
— | H(2)Pdp < N T
2 H(2)] - 1—r2

3. Some Basic Properties of Functions in the Classes V} and C};

Theorem 3.1. Let g(z) € Vi, then for z =re? € E
k(1 —r)2t

(147)s+! [1 - (%)g]

The result is sharp.

<

Theorem 3.2. Let f(z) € Cy, then for z € r¢® € E and k > 2

1—p\2t! , 1 [/1em et
—<1+:> ]§|Zf<z>‘§k—+2<1_:> —1]’

41
L 1 ﬁ dt <|f(2)] < / 1+ty2 1 dt
k+2 J, 1+t “k+2 1—t t

These results have been obtained by the author [9] by means of classic
methods by using the already known results mentioned in Section 2.

1
k42

4. A Length-Area Estimate for the Class (]
Theorem 4.1. Let f(z) € C} (k> 2). Then for 0 <r <1,

L(r) < C(k) [A (VF)] log —

where C(k) is a constant depending only upon k.

N

1
ogl
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Proof. With z = re?, (1.6) gives

L) = /%\zﬂ o< [ 7| (o) [oe0e ) | aoa
_ / / ) ¢ (pe)(pe™)| dodp
< / / " / . pe“gg’ )} h(pe')| dfdpdp,
- /0 /0 " /O " (pe)g pew)h/(pe”)(dedpdm

= Ji(r) + Ja(r), say.

p1 2w )
Now Jy(r / / / pezef (pe' )] H(pe)| dodpdpy, where

Thus

J1(r)

IN

pei")f’(peie)} /

2 )3
dQ} dpdp

IWRTAL |
/0’" /opl { /0% [i ”4(an)2p2”2] d9}§ (4.1)

1
2r | 2 _1),2 2
% {277/ Hk—Q)pd,g} dpdpr,
0 L=p

where we have used the Cauchy-Schwartz inequality and Theorem 2.5.
To estimate the first expression in (4.1) we proceed as follows:

IN

o0

Zn4|a |2 2n—2  _ Zn|an|2pn><n3pn—2

e 1 (4.2)

><§ n3n2’

IN

where A, = ﬂZn\an\Q n,

n=1
To estimate the second part in (4.1), let

®(n) =np" 2
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Then ®'(n) =0if n =np = il Thus,
log 5

27

S RS0 P (4.3)

On using (4.2) and (4.3) we obtain

> A
Z n4‘an’2p2n72 < (\/ﬁ) 27 (4.4)
n=1

Thus from (4.1) and (4.4) we have
Ji(r) < Ci(k) [A (V)] T

To estimate Jo(r), we note from Theorem 2.4 that since Rh(z) > 0 for
z € b

=

log
2Rh (pew)

1— p?

() o (o) [0 (o) 12

1

() <

o= [N

dr [ A .
Gl L i e < )[4 ()] o

Combination of the estimates for Ji(r) and Jy(r) gives Theorem 4.1. O

Thus,

1

< .
- 1—r
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