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1. Introduction

We are motivated by the following famous Polya’s integral inequality, see [11],
[12, p. 62], [13] and [14, p. 83].

Theorem 1. Let f (z) be differentiable and not identically a constant on
[a,b] with f (a) = f(b) = 0. Then there exists at least one point £ € [a, b] such
that

b
G ﬁ / f () de. (1)

We need the following fractional calculus background:
Let a > 0, m = [a], [] is the integral part, 5 = a—m, 0 < 8 < 1,

Received: October 15, 2019 © 2019 Academic Publications



858 G.A. Anastassiou

f e C([a,b]), [a,b] CR, z € [a,b]. The gamma function I' is given by I' (o) =
I~ et tdt. We define the left Riemann-Liouville integral

(I ) (@) = ﬁ / St (1) d, (2)

a <z < b. We define the subspace Cg, ([a,b]) of C™ ([a,b]):

Ca ([ab)) = {1 € €™ (a,b]) : T, 1) € € ([a,b]) ) (3)

For f € C¢, ([a,b]), we define the left generalized a-fractional derivative of
f over [a,b] as

o s = (), ()

see [1], p. 24. Canavati first in [6] introduced the above over [0, 1].

Notice that Dy, f € C ([a,b]).

Furthermore we need:

Let again o > 0, m = [a, B = a—m, f € C ([a,b]), call the right Riemann-
Liouville fractional integral operator by

L
I'(«)

x € [a,b], see also [7], [8], [9], [15], [2]. Define the subspace of functions

b
(g f) (@) == / (t—2)" ) f () dt, (5)

Co (a,b]) = {f € C™ ([a,8]) : Jy=7 1™ € C" ([a,B]) } (6)

Define the right generalized a-fractional derivative of f over [a,b] as
/

Dy f = (=1 (5,77 ) (7)

see [2]. We set DY _f = f. Notice that D¢ f € C ([a,b]).

We are also motivated by the following fractional Polya type integral in-
equality without any boundary conditions.

Theorem 2. ([4], pp. 1-7) Let 0 < o < 1, f € C([a,b]). Assume
fedy ([a, ‘ITH’]) and f € Cy ([aT‘H’,b]). Set

M (1) = max { D% 7 o g D5 g} ®
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Then
nas| < [17 @lde < 3 (1) 20 0
~Ja - I'(a+2)20
Inequality (9) is sharp, namely it is attained by
_ ($_a)a7 xE[a7aT+b]
f*(a:)—{ (b— )", xe[a;rb,b] , O<ax<l. (10)

Clearly here non zero constant functions f are excluded.

In this article we present very general g-fractional Polya type inequalities.

2. Background

Here we follow [5].

Let g : [a,b] — R be a strictly increasing function. Let f € C"([a,b]),
n € N. Assume that g € Cl([a b)), and g7t € C"([g(a), g(b)]). Call
l:=fogt:lg(a),g(b)] — It is clear that 1,1,...,1(" are continuous
functions from [g (a), g (b)] into f([ b)) CR.

Let v > 1 such that [v] = n, n € N as above, where [-] is the integral part
of the number.

Clearly when 0 < v < 1, [v] =0 and n = 0. Next we follow [1], pp. 7-9.

I) Let h € C([g(a),g(b)]), we define the left Riemann-Liouville fractional
integral as

(J3°h) (2) := ng) / (z =)' h(t) dt, (11)

20

for g (a) < 29 < z < g (b), where I is the gamma function; I' (v) = [ e "tV 'dt.
We set J;°h = h.
Let a:=v—[v] (0 < a < 1). We define the subspace Coo) ([g(a), g(®)])

of C" (g (a),g (b)]), where xq € [a,b] :
Cylapy (19 (a), g (D)]) == {h € C¥([g(a), g9 (®))):

TR € ¢ (g (w0) 9 B } (12)

Solet h € Cy ([g (a), g (b)]); we define the left g-generalized fractional deriva-
tive of h of order v, of Canavati type, over [g (x0), g (b)] as

!/
Dyl i= (I REDY (13)
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Clearly, for h e C7 . ) ([g (a),g(b)]), there exists

( Igj(wo)h) (Z) = ﬁ% /g;o) (z — t)*a h(M) (t) dt, (14)

for all g (zg) <z <g(b).
In particular, when fog~! € Clzo) ([g (a),g (b)]) we have that

(Pany (F2971) <Z):ﬁd%/g;o> (z =t (fog )" @, (15)

for all g (xg) < z < g(b). We have

Dl (Fog™) = (fog™)™ and DY, (Fog™") =fog™".

We mention and need the following left generalized g-fractional, of Canavati
type, Taylor’s formula:

Theorem 3. Let fog ! € Coo) ([g (a),g(b)]), where g € [a,b] is fixed.

(i) if v > 1, then

RRTIENCIN
(Fog™) "0 () ) g (a))t

F@) - )=y i
k=1
! oo v— v _
+m /g(xo) (9 (@) 1) ( 9(wo) (fog 1)) (t)dt, (16)

all z € [a,b] : x > xo;
(i) if 0 < v < 1, we get

1 g(z) . , B
@ =55 | @@ =07 (D (Peg ) War a7

all z € [a,b] : x > xg.
By the change of variables method, see [10], we may rewrite the remainder
of (16), (17), as

1 9(@) v— v _
m/gm) (g (z) =)~ (Dg(xo) (fog 1)) (t) dt (18)
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1 [ i ) /
=57 | 0@ =g (D (F097)) (999 (5) s

0

all z € [a,b] : x > xp.
We may rewrite (17) as follows: if 0 < v < 1, we have

f (@) = (78 Dy (Fo9™))) (9 (@), (19)

all z € [a,b] : x > xg.

IT) Next we follow [3], pp. 345-348.

Let h € C([g(a),g(b)]), we define the right Riemann-Liouville fractional
integral as

(b)) =57 [ =2 h)ar (20)

for g (a) <z <z < g(b). We set JO _h=h.
Let o := v —[v] (0 < a < 1). We define the subspace Coto)— ([g (a),

g () of C¥ ([g(a), g (b)]), where zo € [a,b] :

- ([ (@) g (B)])

—{nec(g(@, o) Il 1 e C (g(@) g @)} (@1)

Solet h € Cf v ([g(a),g(b)]); we define the right g-generalized fractional
derivative of h of order v, of Canavati type, over [g(a), g¢(xo)] as

v L n—1 1 v
DY b= (1) (Jg(x‘j) Rl D) (22)

Clearly, for h e Cy .\~ ([g (a),g(b)]), there exists

1)t g(xo)
(DZ@O) h) (2) = r((117)—a)d% /Z (t—2) " ntD (1) at, (23)

for all g(a) < z<g(xg) <g(b).
In particular, when fog~! € Colno)— ([g (a),g(b)]) we have that

o n—1 ($0)
(9(960 (fog )) (Z)Z%d%/g (t—2)" (fog )" () dt, (24)

for all g (a) <z < g (o) < g(b).
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We get that
(Dl (o)) (&) = (1" (fog™)™ (2) (25)

and (DS, (Fog™)) (2) = (Fog™) (), all z € [g a) g (a0)].
We mention and need the following right generalized g-fractional, of Cana-
vati type, Taylor’s formula:

Theorem 4. Let fog~t e C¥

o (0)— ([g (a),g(b)]), where zg € [a,b] is fixed.
(i) if v > 1, then

all a < x < x,
(ii) if 0 < v < 1, we get

1 9(zo) o , B
@ =55 | 9@ (D (reg™)) e, 1)

all a < x < xyg.

By change of variable, see [10], we may rewrite the remainder of (26), (27),
as

(o)
T (1V) /gg (t - g(m))u—l (Dg(m)_ (f Og_l)) (t)dt (28)

()
“t )

all a < x < xg.
We may rewrite (27) as follows:
if 0 < v <1, we have

1 @) = (T (Diany- (Fo9™))) (9], (29)

all a < ax < x5 <b.

(5) = 9 @)~ (DY) (Fo57")) (9.(5)) o/ (5) ds,

Q
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III) Denote by

;’ZZ ) = DV(xO)D;(xo)‘“D;(xo) (m-times), m € N. (30)
Also denote by
Jowo) — jg(@o) y9@o)  j9(®o) (py_times), m € N. (31)

We call D;E; ;) an iterated fractional derivative.
We mention and need the following g-modified and generalized left fractional
Taylor’s formula of Canavati type:

Theorem 5. Let 0 < v < 1. Assume that (D“’ (ng 1)) €

C’;’(m)([g(a),g(b)]), xg € Ja,b], for i = 0,1,....,m. Assume also that

(D7 (£0.471)) € C(lg z0) g () Then,
x __ 1 9(z) . (m+1)v—1 D(m+1 oo () de (32
/@) V/g(@)@() ) (DG (og™) (2)dz (32)

1

-t z) — g (s))mHVY-
= e L @ g

< (DY (Fog™) (a() g (s)ds,

all xo < x <b.

IV) Denote by

;rE;O) - Dg(IO) D;(Io)f Z(xo)* (m—times), m e N (33)
Also denote by
;ZQTVO)— = J;($0)—Jg($0)—<]g($0)— (m—times), m € N (34)

We call D;E; )— an iterated fractional derivative.

We mention and need the following g-modified and generalized right frac-
tional Taylor’s formula of Canavati type:
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Theorem 6. Let 0 < v < 1. Assume that (Df;lfxo)— (ng_l)) €

Coao)- ([9(a) g (B)]), 2o € [a,b], for all i = 0,1,...,m. Assume also that

(DS (Fog7Y)) € Clg (@), g (a0)))- Then,

(o)
PO = F i e Gro @ D e ) (i @9

. (Dé%lzy (f 09’1)) (9()) g (s)ds,

all a < x < x9 <b.

In what follows next it is based on this background.

3. Main results

We present the following generalized g-fractional Polya type integral inequalities
without any boundary conditions.

Theorem 7. Let 0 < v < 1, f € C([a,b]), g : [a,b] — R be strictly
increasing and g € C* ([a,b]). Assume

foglecy, g@’wb |
" (@) +90)
Fog™heCyy) <[%’g(b)b '
Set
M (fv g) = max {HDlgl(a) (f ] g—l) Hoo,[g(a)yg(a);rg(b)] )
HDg(b)— (f o g*l) HOO7|:g(a)-2‘rg(b) ,g(b)] } . (36)
Then

(9(b) —g(a)"
rv+2)2v

/abfdg‘é/ablfldgéM(f,g)

Inequality (37) is sharp, namely it is attained by f, such that
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otV s e [o () g@)te)
(f*ogl)(z){( oL EF()’ ? ]]}, 0<v<l (38)

(g(b)=2)", =€ L7910 g (b)

1

Clearly here non zero constant functions f o g~ are excluded.
Proof. Notice that

/abfdg‘z /abfg’dx </ab\f|g’d:c:/ab|f|dg,

Let xg € [a,b] be such that g (l‘o)zw, that is zg=g¢ ! (M) .

Let fog te Cia ([g (a), g(a);g(b)D, 0 < v < 1. By Theorem 3 we have
that

flx) =

r1
| =
R
SN—
KQ\
2 00Q
S =8
& 3
=

(9(@) =) (Do (fog™")) (D, (39)

all z € [a, z] .
-1
Assume also fog + € C;’(b)7
that

([9(‘1)*2'9“’)79 (b)]), by Theorem 4 we have

g(b)
f ()= — /() (t—g (@) (D (Fos™)) (ar,  (40)

all z € [x0,0].
By (39) we get

1 g(z) o 5 _
@< < [, @0 1dt> |25 (£ 20| e

- HD;(a) (f Og_l)HOO’[g(aLg(a);g(b)] %~ (41)
That is,

@) <[5 (7007 stz s @

for any z € [a, zo] .
Similarly, by (40) we get

|f(a:)\§r(1y) (/gg(b)(t—g(x))”‘ldt> | Dy (fog_l)(‘oo,[w,g(b)]
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_ () —g(@))”
I'v+1)

Dy (fog™) Hoo’[w’g(b)] .
That is

|f ()] < HDS(W (fogl)Hoo,[M,g(b)] T (v+1)

for any z € [z, b] .
Thus, we have

b b b
fd9‘</ \f\dg:/ |f| ¢ dx

(by (42), (44))
/ ‘f |.g dl‘+/ |f ‘g S

LA

F(y—i—l) — /ao(g(x)_g(a))yg,(l‘)da:
Dy (fog™! "
i ” T v+ 1) e /b (9(0) =g ()" g (z) do

DY o _1
o o0 H 9(@), 220 (g (o) — g (a)"
F(V—i-l) (v+1)

HDZ(b)f (fog™) H

I w’[w’g(b)] (g(b)—g (l‘o))erl

I'vr+1) )
()
:F(Z/1—|—2) DZ()(fog H ()+(b>] (g(b)Qg()> )
—aqla v+1
+HD (fog™ H storta®) o) <9(b) 29( )> ]
(b) — g (a)’*!
— F(V1+ 2) (g inl [HD;(a) (fogl)“wv[g(a)’w]

+ HDZ(b)— (fog™ H

(43)

(44)

(47)
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M (f,9) (g(b) — g (a))"*!
—“T'(rv+2) 2v '

We have proved inequality (37). Next we prove sharpness of (37).
Here [v] =0 and a = v. We see that

(o) O = gy | 07 (feog )

ri-a
(by [16], p. 256)

z
- I G T
g(a

_ F(ll—a)r(l_?)(g)(y+l) (2= 9(a) =T (v +1) (s~ g (a).

Therefore,

g(@)+90)]

(D;(a) (f* 09_1)) (2) =T (v+1), forall z € [g (a), 5

That is,
—1 —
HDg(a foyg )Hoo,[g(a),g(a);rg(b)] =Tw+1).

Furthermore we have

— 9(b)
(B (o) O == [ = ) =0

1

) / " )= 0

(by [16], p. 256)

1 T+l (1-a)

T T(l-a) T (2) (g(®) —2) =T +1)(z-g(),

for all z € [#790) g (p)].
Hence

(D (Feog™)) @) =T+ 1),

and

DV (fe g 1) Hoo’[g(a);-g(b) ,g(b)] =T (V + 1) .

867

(49)

(52)
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Consequently we get that
M(frg9) =T (v+1). (55)
Applying f, into (37) we obtain:

Lr+1)(g®) —g@)™* _(g()—g@)"™
I'(v+2) 2V v+1)2v

R.H.S (37) for f, =
We get the same result when we apply fi in the

LHS (37) =

/f* ) dg (x /f* ) dg (

/ P (fog™) (9(a)) dg () + / (frog™) (g () dg ()

o

(z) dg (x)

g(z0) g(b)
% O -1 d % O -1 d
/g(a) (frog™) (2) z+/g($0)(f o) (2) d

g(xo) , g(b) 5
/ (= — g (a)) dz+/ (g (b) - )" dz
g(a) g(xo)

_ (g(x0) —g ()" (g (b) — g (w0)""
v+1 v+1

_ 2 () —g@)™  (g(b) —g(a))""
v+l 2v+1 S v+ 1) (58)

So equality holds in (37) for f.. Furthermore we notice that

(fiog™) ((M)) = (fiog™) ((M)) (59)

B <g<b>;g<a>>”’

thus f, o g~! is continuous on [g (a), g (b)] and hence f, € C ([a,b]) .
Sharpness of (37) has been proved. The theorem is proved completely. O
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Remark 8  When v > 1, thus n = [v] > 1, and by assuming that
(fo gfl)(k) (g(a))=(fo gfl)(k) (g(b)) =0, fork=0,1,....,n—1, we can prove
inequality (37) again. Here also f € C™ ([a,b]) and g~ € C™ ([g (a),g (b)]).

The function ( fo gfl)(n) cannot be a constant different than zero, equiva-
lently, f o g~' cannot be a non-trivial polynomial of degree n.
We continue with a fractional iterated Polya type inequality:

Theorem 9. Let 0 < v < 1, f € C([a,b]), g : [a,b] = R be strictly
increasing and g € C! ([a,b]). Assume that

(7201207 <65 (0 22720

fori=0,1,....,m € N, and (Dé?:;l)y (fogfl)) eC ([g (a), MD. Also

assume that

( oy (fog™ 1)) € Cyp)— ([M,g(b)D :

for i=0,1,...,m €N, and

(Dl (ros) e o (|H5 2 ] ).

Set
M* (fa 9) = max { HD;?Z;'UV (f o g—l) HOO,[Q(G),g(a);g(b)] )
HDQ?;;—H (f °g 1) “007[g(a);g(b) ,g(b)] } . (60)
Then

(g (b) — g (a))m D!
L ((m+1)v+2)20m+hr’

/abfdg‘</ab|f|dg<M*(f,g)

Proof. By Theorem 5 we have

_ 1 9() _ \(m+1)r—1
f(z) = W/(a} (9(x) — =)

x (DS (Fog™)) (2) d, (62)
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-1 (g(a);g(b) ) '

all z € [a, zo], where o :=g¢
By Theorem 6 we have

g9(b)
F@) = s [ (- g

(m+1)v) Jo)
x (DS (Fog™)) (=) dz, (63)
all z € [x0,0].
By (62) we get ,
f ()] < NN
</g<:>) e Z)(m+l)“dz> s o ogl)Hoo,[gm),M]

(9@ = g(@)"™ ™ n .
= S rrn 1P oo sy @

for all = € [a,xo] .
Similarly, by (63), we obtain

1

/g(b) (c—g(x ))(m+1)1/ L s HD (m+1)v (f og 1) H
o(2) oo, [ 439, (0)]

(g (b) — g (x))
- T((m+1)rv+1)

for all = € [z, b].
b b b
m4g/m@=/vww

Thus, we have
o b
::L/“ If(m)\g’tr)dx-+t/u\f(aﬂlg’(x)dx (by (64), (65))

P o8 sz g O

g )
HDQ(‘I H (a) g(a +g(b

< Ix@n+¢>y+1> (A (9(@)=g @)™ (2) dz (66)

o o]

aHg(b) ()] ’ m v/
! F((m+1)u+1) /x (9 (0)=g (2))" 1" ¢/ (2) da
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1
T((m+1)v+2)

Nl el

g(a)+g(b) (g(x0)—g (a))(m+1)V+1
9(“ f]

[P 0 o0 s (00— o)™

,g(b)]
(by g (o) = 221522

1 (g(b) —g (a))(m+1)u+1
L((m+1)v+2) 2(m+1)v+1

|25 roa™|

w,[g(a)vw]
(m+1)v -
+ | P (£og I)Hw,[w,g(w]l

_ M (f9)  (9(0) —g(a) T
“T((m+1)v+2) 2(m+1)v ’

proving inequality (61). O

(68)

Next we give an L generalized g-fractional Polya inequality:

Theorem 10. Let v > 1, n = [v|, and f € C"([a,b]), g : [a,b] —
R be a strictly increasing function. Assume that g € C'([a,b]) and g~ ! €

C" ([g(a), g (b)]). Also assume fog=t € Cia) ([g (a), L;Lg(b)}), and fog~! €

Cry- ([22590 4 (5)]), and that (fog~)* (9 (a) = (Fou)* (9 0)) =
0, for k=0,1,....,n — 1. Set

M (f,g) = max { HD§<a> (fo 9_1)‘

1 ([ote, 22300

LI —" o

Then
(9(b) —g(a))”
Fv+1)2v-1-

Here f o g—' cannot be a non-trivial polynomial of degree n.

b b
fdg‘ S/ \fldg < M (f,9)
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Proof. Let f o g7' € C;’(a)qg(a),g(a);g(b)]), v > 1, and

(fog_l)(k) (9(a)) = 0, for K = 0,1,....,n — 1, n = [v]. By Theorem 3 we
have that

1 9(x) . . B
@ =55 | @@ =07 (Dgy Geg ) @an @

all z € [a, 2], where g := g~! M '

Let fog e vy (4932 gv)]), and (Fog )™ (9(0)) = 0, for
k=0,1,....n—1. By Theo¥e)m 4 we have that
1 g(b v—1 v -1
f@)—iquéw)&—gtw) (D5 (Fog ™)) de,  (72)
all z € [x0,0].
By (71) we have

| (@) < ng) /gg(gﬁ) (9(2) =) ((Dg(a) (fog™)) (t)‘ dt <

a)
z)—g(a))’t 9@
o )r(gy() ! /g » (Dsy (Fog™)) ()] at < (73)
_ a o v _
= )T(gv() ! |5 (roa™) L1 ([o(a), 2edge®)])

for all = € [a,xo] .
Similarly, by (72) we get

b) — xT v-1 g(b)
o F(gl/() ! /g(w) (Dyy- (Fog7)) (1) dt <
b) — T v—1 ,
o F(g’/() ’ ‘Dg(b) (fOQ 1)HLl([g(G);g(b) ,g(b)p’ ™

for all = € [z, b].
Thus, we have

l[m4§[mwzlmwm

(by (73), (74))

1) b
=/\ﬂmymw+/uummwx <
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HD;(a) (feg™) Ll([g(a),w]> 0
T (v) /a (g(x)—g(a)” "¢ (z)da

HDg(b)— (fog™) H ([ 2teto) ,
+ T (VL) ([ 2 ) (b)D /x (g (b) _ g(x))ufl g/ ($) dx

0

HDg(a fog™t) 11 ([a(a), 2222 ])

HDZ(b)— (Fog™) HLl([M,g(w]) :

I'v+1)

1L (g()—g(a)) v -
- o 2 [ o0 s

_l’_

g(b) = g (x0))” (75)

D (0 og‘1>HLl<[w,g<wJ>]

M (f,9) (g(b) —g(a))”
“T(v+1) 2v—1 ’

proving the claim. O

We continue with a L, generalized g-fractional Polya type inequality:

Theorem 11. Let p,g > 1: —|— 2 =1v> —, n =[], feC"(a,b]),

g : [a,b] = R be a strictly increasmg funcmon Assume that g € C* ([a,b]) and

g teCm(lg(a),g(b)]). Alsoassume fog~! € Coa) ([g (a), L;Lg(b)]), and fo
(a)

(
gt ey ([2522 g 1)), and that (Fo )P (g (@) = (Fog) P (9 1) =
0, for k = 0,1

, ...y — 1. When % < v < 1, the last boundary conditions are
void. Set

M) = {HD&@ (fOQ_I)HLq([g@,W]) |

HDg(b (fog™) HLQ([M,g(b)D } . (77)
Then
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/abfdg‘</ab|f|dg

M, (f,9)
24T (1) (p(v — 1) + 1)7 (y n %)

< (g(b) = g(a))" . (78)

1

Again here f o g~' cannot be a non-trivial polynomial of degree n.

Proof. Let f o g7' € C;’(a)q (a),L;Lg(b)]), v > 0, and

(fog_l)(k) (g(a)) =0, for k = 0,1,....n — 1, n = [v]. By Theorem 3 we
have that @)
g(z

@ =55 | @@ -0 (Dgy Geg ) @a @

all z € [a, 2], where g := g~ ! M '

_ y (k
Let fog e cg(b)_([M,gw)}), and (fog71)™ (9(8)) = 0, for
k=0,1,...,n — 1. By Theorem 4 we have that

g(b)
r@ =g [ 0@ (D (ros™)) M (0
all z € [x0,0].
By (79) we have -
F@I< gy [ 0w =07 (P (rog™) @] ar<
1 9(@) b % g(z) , - 7
() (/g(a) (g9 (x) —t)P( 1) dt> (/g(a) (Dg(a) (fog 1)) (t)‘ dt>
L @ =g @)™
= I'(v) (p(v—1) + 1)1 ‘Dg(a) (f 9 ) Lq([g(a)7g(a)<2‘,»g(b)j|)7 (81)

for all = € [a,xo] .
Similarly, by (80) we get

1@< 5 ((f) (t =9 @) | (Dyy- (Feg™)) ()] dt <

) [ s

Q=
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1 (g(b) —g(2)" 7
L@ pw-1+1)

for all = € [z, b].
b b
/fdg‘é/ [fldg =

Thus, we have

0 b (by (81), (82))
[ 1@l @+ [ @i @ar S L
a o I'(v)(p(v—1)+1)r

+ HDg(b)_ (fog™)

<

|25 (oo ®)

Ly ([£22320) (1))

Piter (f297) ) / P @) - g(@) ¢ @) de

’ v—1+1
Lq([w’g(b)])/xo (g)—g(x))” "rg (x)dﬂc] (83)

1
T -1)+1)r (VJFI;J)

1

x [HD;(G) (fog™) HLQ([Q(G)’M]) (g (x0) — g (a))" "

s 0 °91)HLQ([M79<I»]) = (xO))H;]

1 (g(v) — g (a)"*7

= 1 X

T (pw—1)+1)r (H%) 9"+

[\

D;/(b)— (f ° g—l) HLq([g(a);rg(b) ’g(b)D]

Dy (Fog™") HLq([g(a)ﬂ(“);g(”)]) +‘

- My (f9) (g (b) - 9(1@))”+P | (84)
L) (pv-1)+ 17 (v+1) 2"~
proving the claim. O

Combining facts from Theorems 7, 10, 11 and Remark 8, we get:
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Theorem 12. Let p,q > 1: %—i—% =1lLv>1n=[], feC"(ab)),
g : [a,b] = R be a strictly increasing function. Assume that g € C! ([a,b]) and
gt eC([g(a),g(b)]). Also assume fog ' € Coa) ([g (a), MD, and

fogte Cg(b), ([M,g(b)}), and that

(fog )" (@)= (fog )P (g) =0,

for k=0,1,....,mn — 1. Then

b b
/fdg‘</ fldg (85)
. b) — g (a))"™ b) —g(a)”
gmln{M(f,g) (g(I‘)(y—fé))Q)’/ ,Ml(fag)%a
Mq(fug)

1 1 b) — a VJF% ’
2V_EF(V)(p(V_1)+1)E(V+%>(g() g(a)) }

where M (f,g) as in (36), M1 (f,g) as in (69) and M, (f,g) as in (77).
Above f o g~! cannot be a non-trivial polynomial of degree n.

Corollary 13. Here all as in Theorem 12. Then

‘m/abfdg‘ = m/ab\f\dg

. b) — g (a))” b) —g ()"
< mm{M(f,g) %7]\41 (f,9) (gr((])/ —i—i)(;’)—l )

M, (f.9)
2T () (p (v = 1) + 1) (v+ 1)

We continue with an L, iterated fractional Polya type inequality:

Theorem 14. All as in Theorem 9, with #ﬂ <pv<l1. Set

M (f,g) := max { HD;ZZ;—I)V (fo g—l) HLl([g(a),gm);g(b)]) )
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HD&Z;—})V (f o g—l) HLI([g(G);rg(b) ,g(b)]) } . (87)
R ’ (g (b) — g (a)™ 1"
[ raal < [iniag < i (g0 5 OSSO s
O

Proof. Similar to Theorem 10.
We continue with an L, iterated fractional Polya type inequality:

All as in Theorem 9. Let p,q > 1 : % + % = 1, such that

Theorem 15.
m <v<l1. Set

My (f,9) = maX{HD%J)Fl)V (f Og1)HLQ([g(a),9<“>;"(”)]) )

(89)

Ly ( [g(a);g(b) ,g(b)]) } ’

/abfdg‘ </ab\f\dg<

M (f,9) (g (b) — g (a) ™"+
1 1 o (90)
2" VD (m+ 1) ) (p((m+ 1) v —1) +1)» ((m+ Dot %)

|25 (o7

Then

Proof. Similar to Theorem 11.

Applications follow:
Proposition 16. Let 0 < v < 1, f € C([a,b]). Assume folnz €
Vo ({ea, EGQLEIJD, and folnx € C% ([%ﬂ,ebb. Set
M (f, 693) = max {HDZ; (f o 1H)‘|m7[ea7eageb] 5

105 Wl s )
(eb o a)VJrl

Then
b
< [Ir@lends < m (e

/a ’ f(z)e"dz
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Inequality (92) is sharp, namely it is attained by f. such that

(z—e")", z € |eY, BJQF@
(feolnz) (2) = y v , 0O<v<l1l. (93)
(eb—z) , Z € %,eb

Clearly here non zero constant functions f olnx are excluded.

Proof. By Theorem 7. U

We continue with

Proposition 17. Here [a,b] € (0,400),0 < v <1, feC(a,b]). As-

sume that (D%, (foe”)) € C, ([lna, ln(ab D for i=0,1,....m € N, and
( 1(:?1 (foe® )) € C([lna, (h’ab)]) Also assume that (D%, (foe®)) €

Chp (252, 10]), for i = 0.1,..m € N, and (DI} (foe)) e
C (™52, m]). Set

M*(f,Inz):= maX{HDl(:?l (foe")

b

00, [ln a,

oo,[w,lnb] } ' (94)

HD(”H_1 (foe")

Inbd
Then
' (@) 1 (@) (1 g) "
x| < ——dx < M*(f,1 = . (95
L x‘_/ e M () S (09
Proof. By Theorem 9. ]

We can have many other interesting applications but we stop here.
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