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1. Introduction

Variable exponent Lebesgue spaces LP(®) (Q) are a generalization of standard
Lebesgue spaces LP (2) in the sense that the exponent may vary from point to
point. The variable Lebesgue spaces (and variable exponent Sobolev spaces)
have gained great importance in analysis and have begun to play an important
role in a wide variety of applications such as fluid dynamics, image restoration,
differential equations with non-standard growth conditions, fluid flow in porous
media and elasticity theory (cf. [1], [4], [5], [8])-

The basic theory of LP(®) (Q) spaces can be found in [6], [9]. We refer to
the monographs [2], [3] and the references therein for a detailed exposition of
LP(®) (Q) spaces theory. Also see [7] for moving from local to global results
in variable exponent function spaces. But we here recall some basic features
of these spaces for the convenience of the reader. For distinguishing between
variable and constant exponents, we denote exponent functions by p (.).

Given a set 2 C R™, we denote by P (€2) the class of all bounded Lebesgue
measurable functions p(.) : @ — [1,00). The elements of P () are called
exponent functions on 2. Also, we denote, for £ C 2,
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pf=esssup{p(x):z€E}, pp=essinf{p(z):z€E }

and
+ _

Pt =ps, T =pg
In this paper, we always assume that p™ < co. By xq (z) we denote the
characteristic function of a set €2 in R"™.
As might be expected, the variable exponent Lebesgue spaces are obtained
in the usual way. We define the variable exponent Lebesgue space LP() (Q) to
consist of all measurable functions u : 2 — R for which the modular

_ p(z)
o @ = [ futa)
functional is finite.

LP(®) (Q) space becomes a Banach space when furnished with the so-called
Luxemburg norm

HUHLP(-)(Q) = inf {)\ >0 pr(')(Q) ()\) = 1} '

As seen in the above formula norm is not described in the sense of stan-
dard LP (). But if p(z) = p a constant, then it can be shown easily that

norm ||ul| pp()(q) reduces to the standard formula [lul| o) = (Joy [u ()P da:)
in LP () and variable exponent Lebesgue space coincides with the standard
Lebesgue space.

The modular and the norm are related through the following inequalities

4 p p+ <
win {Jal? )l S a0 @)

wax {Jul?, e,

Given p(.) € P (), we define the conjugate exponent function p’ (.) by the
formula

IN

1 N 1

p(x)  p'(x)
Let p(.) € P(Q), u € LP® (Q) and v € LP®) (Q). Then uwv € L' (Q) and
Hoélder type inequality

=1, x €.

/wﬁﬁﬂw o]
Q ' ()

r()(Q)
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is valid [6].
Given Q with || < oo and p(.), ¢(.) € P(Q) with p(z) < ¢(x). Then
for all u € L90) (Q)

[l

;= (1) ul

r()(Q £90) (@)

relation holds [2], [6].
A useful property of LP(*) (Q) spaces is that the topology induced by the
norm coincides with the topology induced by modular. Equivalently,

(up, —u) — 0 if and only if |ju, — ul| 0, [6].

pLP(-) (Q) LP(')(Q)

One of the most serious obstacles to the development of the LP(*) () spaces
arise from the lack of mean continuity property: if p(.) is continuous and non-
constant in an open ball B, then there exists a function u € LP(®) (B) such that
u(h+z) ¢ LP@®) (B) for all h € R™ with arbitrary small norm, [6].

Although the norm is defined by an infimum, if u is non-trivial, then the
infimum is always attained. If v = 0 , then the infimum is zero and is not
attained.

Lemma 1. ([6]) Given Q andp(.) € P (), ifu € LP®) (Q) and ||ul|

r() (@)

— ) = —trivi p(x)
0, then PO (@) <”u”Lp(')(Q)> 1 for all non-trivial u € LP\*) (Q).

2. Main results

Before we state our theorem, we first note the following result.
Assume  Lebesgue  measurable  sets () and €  satisfy
Q=01 UQy, Q1 NQy = 0 conditions. Then, we have the following inequality

lullpoy = </Q IU(x)\pd:cf = </91 \u(:c)lpdwr/g? \u(x)‘Pdm>%
[2 max {/Ql u(2)|” dz, /Q2 \u(m)|pdx}]%
2 [(/ﬂl Iu(ﬂc)\pdm>% + </92 \u(x)|pdx>%]

IN

IN
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1
= 25 (Il oy + Nl zogan))

Also, it is not difficult to see that for any finite collection of pairwise disjoint
measurable sets a similar result holds:

m
1
HUHLP(Q) < mr E HUHLI’(QZ-)'
i=1

Since 1 1
(/Q \u(x)|pdx>5 < </Q |u(x)\pda:>5
and 1 1
(/Q \u(x)v’dx)” < </Q\u(a:)\pdm>p,
we have

ull ooy + lull o,y < 2Mlull o) -

More generally we have that
m
> llullzegg,y < mllull oy -
i=1
Now we prove that a similar result holds for LP() () space.

Theorem 2. Let Lebesgue measurable sets 21 and §29 satisfy the following

partition conditions
Q:SllUQg,Qlﬂng(D.

Then we have

el oy < 2 (el ) + Il o)) - e

Proof. 1t is easy to see that if [Q;| = 0 or |22] = 0 then (1) inequality
holds. So, we assume none of the ||, [Q2] is zero. Let us assign a value to
each norm such that

||u||LP(»)(Q) =aQ, HUHLP(»)(QI) = and HUHLP(-)(QQ) =7
By Lemma 1, we can write that

J

p(z)

w de =1

«
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and @)
p(x
/ e\r) () dr =1
ol B
and @)
p(x
/ LA (=) dr = 1.
Q| 7
From these equalities we have the following
p(z) p(z)
/ u (@) dm—l—/ u(@) [T
o, B+ a0, B+
p(z) p(z)
< / u(z) da:—l—/ u@) ™
o /3 Qo v

We now multiply both sides of this last inequality by % then we have

p(z) p(z)
/ 1u) dm—l—/ Lu@ ™ 0 <1
o 2B+ 0 2B+
From this we have the following inequality
p(x) p(x)
/ ﬂ dx —l—/ ﬂ dr
o 12(B+7) 0 12(B+7)
p(x)
/ ﬂ dr < 1.
al2(8+7)

Clearly this means that

a<2(B+7),1e ([ull o) <2 (HUHLP(-)(Ql) + ||U\|Lp<.>(92)) :
]

We can in fact apply the same approach to any finite collection of pairwise
disjoint measurable sets to have that

m
[ull Loy ) < mz llull o) () -
=1

It follows from Lemma 1 and definition of norm that

lull vy ) < llull oo ) -
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Hence, we have
m
D el ooy < mllull ooy -
i=1
Minkowski’s inequality provides us an alternative way of proving Theorem

lull o) = lluxes + uxasllro @)
< fluxe, ||LP(-)(Q) + HUXQQHLP(-)(Q)

A

= Mullzeor i,y + el ro @) -

IfQ=0,UQUQ3 and Qy, Qs and Q3 are pairwise disjoint measurable sets,
then

lull vy = lluxeiua. +uxasll o @)
HuXQ1UQ2||LP(»)(Q) + HUXQs,Hme(Q)
luxe, HLP(-)(Q) + HuXQQHLP(-)(Q) + ||UXQB||LP(-)(Q)

IA A

lull ooy + Nl oo (0) + 1wl o) () -
Again, by generalizing, we have that

m
lull ooy < D lull o)
=1
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