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1. Introduction

There is permanently a major interest for the theory of source identification
problems for partial differential equations since they have widespread applica-
tions in modern physics and technology. For this effort, the stability of various
source identification problems for partial differential and difference equations
has also been studied extensively by many researchers (see, e.g., [1], [2], [3], [4],
51, (6], [7), 18], (9], [10], [11], [12], [13], [14], [15], [16], [17], (18], [19]. [20], [2L],
[22], [23], [24], [25] and the references given therein).

In many fields of the contemporary science and technology, systems with
delaying terms appear. The dynamical processes are described by systems of
delay ordinary and partial differential and difference equations. The delay ap-
pears in complicated systems with logical and computing devices, where certain
time for information processing is needed.

The stability of the delay differential and difference equations has been
studied in many papers (see, e.g., [26], [27], [28], [29], [30], [31], [32], [33], [34],
[35] and the references given therein).

In the present paper, the time-dependent identification problem

azggm — (a(@)us(t, x)) , = bla(@)us(t —w)),

+p(t)a(z) + f(t, @),
0<t<oo,xe(0l)), (1)

u(t,z) =g(t,x),—w <t <0,z €0,]],

l
ult,0) = u(t,) = 0, [ ult,x)dz = C (£) ¢ > 0
\ 0
for a one dimensional delay hyperbolic equation with Dirichlet condition is
studied. Here u(t,x) and p(t) are unknown functions. Under compatibility
conditions, problem (1) has a unique solution (u(t, z), p(t)) for the smooth func-
tions f(t,), (t,) € (0,00) x (0,1), g(t,2), (t, 7) € [~,0] X (0,1), a(x), q(x), & €
(0,1),( (t),t € [0,00). Here b is a constant. Assume that f(f q(z)dz # 0, and
q(O) = Q(l) =0, and g(t,O) = g(t¢l) =0,t € [—W,O] ,f(t,O) = f(tal) =0t €
[0,00),a(x) >a >0,z € (0,]).
This paper is organized as follows. Section 1 is introduction. In Section 2,

operator-functions generated by the positive operator are considered. In Sec-
tion 3, the main theorems on stability of differential problem (1) are established.
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In Section 4, a first order of accuracy difference scheme for the numerical solu-
tion of source identification problem (1) is presented and numerical results are
obtained. Finally, Section 5 contains conclusions.

2. Auxiliary statements

Let ¢(t) is operator-function generated by the operator A and defined as the
solution of the initial value problem for a second order differential equation

in a Hilbert space H, that is,

Similarly, s(t) is operator-function generated by the operator A and defined as
the solution of the initial value problem for a second order differential equation

ve(t) + Av(t) =0, 0<t< oo, v(0) =0, v (0) = ¢ (3)

in a Hilbert space H, namely,

By the definitions of ¢(t) and s(t), we have that
s'(t) = c(t),d(t) = —As(t). (4)
We consider the second order differential operator A determined by
Av = — (a(x) vz(2)), (5)

in Ly [0,1] with domain D (A) = {v: v,v"” € L9 [0,1],v (0) = v (I) = 0} dense in
Ly [0,1]. It is well-known that A is the positive-definite and self-adjoint operator
in Ly [0,1]. Let us give estimates (formula (6)) that will be needed below:

N|—=

1
1A 2 lLyf0,—Lafo, < 172, 18(E)llLajo,—Laf0 <t

(6)

1
le()ILao,0—La00 < 1, 1AZS(E)]Ly 001200, < 1-
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3. Stability of the differential equation problem (1)

l
Theorem 1. Assume that [ q(z)dz # 0. Then for the solution of problem

0
(1) the following stability estimate holds:

qax |p(t)], max fluulle,py) max lullwyor . max llulwpy — (7)

< M(q,a) [ao + max 1Ol Lyg0. + 1 Olyp0. + oA <"l

o= max { max (Ol mx IOl

s o0,

t 8
an?Sl?;)z(—f—l)w ‘p( )|’nw<?<l?;{+1 H tt||]L2[Ol ’ w<?<1&X H t” Ol] ( )

max U < M (q, an + max t
nw<t<(n+1)w H ||W20l (q ) |: " (n—1)w<t<nw ‘p( )

4+  max Hf )HLQ[OJ] +If (nw)||L2[O7” + max |C"‘ 7

nw<t<(n+1)w nw<t<(n+1)w
o= { o Ol s el

t —1,2,---
max >||Wg[o,”} =12,

Here 1Ly [0, 1] is the space of all square integrable functions w (x) defined on [0, ]
and W5 [0,1],k = 1,2 are Sobolev spaces equipped with norms

lwllwyoy = (/Ol [w? (2) + w? (2)] dz> ;
[wllvwzi0, = </Ol [w? (2) + w2, (2)] dZ) :

N|=

[N

respectively.
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Proof. We will seek u(t, x), using the substitution
u(t, x) =w(t, z)+n(t)e(z), (9)

where 7(t) is the function defined by the formula

n(t) = f(tn_l)w(t — s)p(s)ds,

(10)
n((n—1w)=n((n-Hw) =0, n=1.2,--
It is easy to see that w(t, ) is the solution of the problems
27.U T 27.U
Pule) — LD — (1) (x) + bgaa(t — w3) + f(t.2),
0<t<w, xze€(0,]),
(11)
w(0, ) = g(0,z), wy(0, x) = g:(0,2), = € (0,1),
[ w(t,0) =w(t,1)=0,t>0
and ( OPw(t Q2w(t Q2w(t
et — T = b 4 ((t) + bt - ) ¢ ()
+ft,x),(n—1w<t<nw, z€(0,1),n=23,---,
w((n —1)w+, z) =w((n —1)w—, z),
(12)

we((n — 1w+, z) =wi((n —1)w—, ),

ze(0,1), n=23,---,

w(t,0) =w(t,1) =0, t >0.

Now we will take an estimate for |p(t)|. Applying the integral overdetermined
l

condition [ wu(t,z)dz = ((t) and substitution (9), we get
0
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From that and p(t) = 1" (t), it follows that

¢"(t) flg— (t,z)
p(t) = .

I
Ja(z
0
Then, using the triangle inequality, we obtain

l
")+ [ |Gt )| da
p(t)] < ;

[ q(z)dx

0

kD) [\c” )+ Zwte.

for all t € (0,00) . Now, using substitution (9), we get

]LQ[O,Z]]
Qu(t,x)  0*w(t,x)

Applying the triangle inequality, we obtain

[a1E
ot?

8211) (tv )
ot2

Laf0,)] ‘ L»[0,1]

+ PO gl o0,

(14)

for all t € (0,00) . Therefore, the proof of Theorem 1 is based on the following

theorem.

O

Theorem 2. Under the assumptions of Theorem 1, for the solution of

problems (11) and (12) the following stability estimate holds:

Orél%ﬁuwttuu[o,z]a Ofg%);uwtuwé[o,z]» Orgtagﬁ\lwllwg[o,z]

0<t<w

< M (.0) oo + gna [0+ 17 Ollgoq + uas ]

ap = max {_g?éo lgee (D)0, > _max g6 (llwy o

<t<0

(15)
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max o0l }-
"

—w<t<0
G 2 16
”w<?<l(ri{+1 o ttHMOZ ’ nwsg(xﬂ Hwt”wlol (16)
a. < M l
nw<?<1(7}f+1 HwHW20l ((L )[
1
+"”<?<laz(+1 e HL?W] +IF ()l 0, +nw§2?f+1)w|c IE
e { (- t<ne lwer () a0 (TSt <no l[we (8 llwago,y

t =1.2.-..
(nflr)l;.luaé)ignw ||w( )‘|W§[07”} N ) 4y

Proof. Tt is clear that the mixed problems (11) and (12) can be written as
the initial value problems

w”(t) + Aw (t) + pu (t) Ag = bAg(t — w)
+f(t), t € (0,w), (17)

w (0) = g(0), w' (0) = g:(0)

and
(W (t) + Aw (t) + p (t) Ag = bAw(t —w) + f (1),

n—lNw<t<nw, n=23---,

w((n—1wt)=w(ln-1)w-),

w (n—1Dwt)=w (n—1Dw-), n=2,3,-

in a Hilbert space H = Ly [0,{] with A determining by (5). From (10) and (13)
it follows that

p@)] 11 ()] < kg, 1) [|" ()] + lwe ()] ] (19)

for all ¢t € (0,00) . Therefore, the proof of Theorem 2 is based on the following
abstract theorem. O
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Theorem 3. Under the assumptions of Theorem 1, for the solution of
problems (17) and (18) the following stability estimate holds:

1
max wnlly max A%, max [l Awl], (20)

< M (@)oo + gna |70+ 1£ @l + oo |67

1
o= maxc{ s ool max, 400

Ag(t
max [49(0)] |

ma. w ma: w 91
nwgtg(g;l)w\l e nwgtg(igrnw” tllgr s (21)
ma. A < M (q,1
antS(Tz(Jrl)wH wllg < M(g,1) an

b PO Ll max ]

nw<t<(n+1)w nw<t<(n+1
1
a, = max max wy (¢ max ‘Aiw t H
" { (n—1)w<t<nw s )HH’(n—l)wgtgnw (t) "’

ma Aw(t ,m=1,2---.
s >HH}

Proof. The initial value problems (17) and (18) are equivalent to the integral

equations
w(t) = c(t) g(0) + s (¢) g:(0) (22)

—i—/o s(t—2z)[—p(z) Ag+bAg(z —w) + f(2)]dz, 0 <t <w
wt)=clt—(n—-1w)w((n—1)w) (23)
+s(t—(n—1w)w((n—1)w)
s [ s gt bAgle — )+ 1 (),
(

n—1)w
m—lNw<t<nw, n=2,---

in H, respectively. Let ¢ € [0,w]. Applying equation (17) and formula (22), we

get
Aw(t) = ¢(t) Ag(0) + 5 (1) Ag:(0)
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+/O As(t —z) [—p(2) Ag + bAg(z —w) + f (2)] dz
= c(t) Ag(0) + s (t) Ag:(0)
—p(t) Ag + bAg(t — w) + f () — ¢ (1) [pAg(—w) + f (0)]

t
- /0 c(t—2) [—n' (2) Ag+ bAg (z — w) + ' (2)] d=.

Therefore, applying this formula, the triangle inequality and estimates (6) and
(19), we get

1
(@)l < 19O+ [ 420:0) [+ 1 Ol + 0 maxe 1l

t
1 "
+ ma ka0, + Ma(a) g [0+ Ma(and) [ el

Using the integral inequality, we get

o??g’i ”wttHH

< / " .
< MG oo+ g 170+ 1 O+ g |
In the same manner, we can obtain

g [

< / "
< MG oo+ g 170+ 17 O+ ana o]
From that and equation (17) it follows estimate for Jnax | Aw|| 5.

w

Let ¢t € [(n—1)w,nw],n = 2,---. Applying equation (18) and formula
(23), we get
Aw(t) =c(t—(n—1)w) Aw((n — 1) w)

+s(t—(n—1)w)Aw((n — 1) w)

_|_/( As(t —2)[—u(2) Ag+ bAg(z —w) + f(2)]dz

n—1)w
=c(t) Aw((n — 1) w) + s (t) Aw((n — 1) w)
—u(t—(n—1)w)Aq+ bAw(t — nw)
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+f () —c(t—(n—1w) [bAg(—nw) + f ((n — 1) w)]

—/( c(t—2)[—p (2) Ag+ bAg (z — w) + ' (2)] d=.

n—1)w

Therefore, applying this formula, the triangle inequality and estimates (6) and
(19), we get

i)l < Aw((n = )l + | Abwil(n - w) |

H
1
—1 abgt)|
(=Dl o max i+ max [ata)],
t
Ms(q,1 " 4 Ms(q,l / dz.
FMy(q.0) - max {CY] 4 Mg, ) _— lwzz(2)l g dz
Using the integral inequality, we get
< M (q,l
e [witll g < M (q,1) [an
(¢ _1 1
+ (nilr)rbluaégme( g+ 1 (n=1Dw)l g + mqﬁ%gm‘c |
In the same manner, we can obtain
1
Az H < M(q,
(nflr)rt.l«.;aé)ignw w H (q )[an
(¢ _1 1"
+ (nfﬁ?i)igmuf( ) g+ 1 ((n = 1) w)ll + (nqﬂ{%gm‘c \
From that and equation (18) it follows estimate for ~ max | Awl;. Theo-

(n—1Nw<t<nw

rem 3 is established. U
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4. Numerical results

In this section, we study the numerical solution of the time-dependent identifi-
cation problem

Uy — Ugy = P(t) sinz + 0.01ugy, (t — m,x)
—1.0lsintsinz, t>0,0 <z <,

u(t,x) =sintsinz, -7 <t <0, 0<z<m, (24)

™

u(t,0) = u(t,7) =0, [u(t,z)de = 2sint, t >0

r
[en]

for a one dimensional delay hyperbolic differential equation with Dirichlet con-
dition. Note that

(u(t, ), p(t)) = ((mu(t, z), mp(t))) m_y

where (mu(t, z), mp(t)) is exact solution pair of the problem (24) on ¢ € [(m —
1)m,mz] ,m > 1. The exact solution pair of the problem (24) is (u(t, z), p(t)) =

(sin(t) sin(x), sin(t)). For the numerical solution of problem (24), we present the
following first order of accuracy difference scheme for the approximate solution
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for the problem (24)

mup P =2(mu)k tmuf muk T —2(mu) it

=, 72

k+1
+mu,, T

= mpy sin(x,,) — sin(tgy1)sin (x,), m =1,

1<k<N-1,1<n<M-1,

— k+1 k+1 k+1
muﬁ+1_2(mu)ﬁ+mu§z ! nfLunj,-l72(771“)71+ +muntl

T2 h2

= mpy sin(zy,) — 1.01sin(tg41) sin (x,,) ,

(m=Dup Y —2((m=wk N +(m-1)up =Y

+0.01 = 52 ,
tp = kT, x, = nh,

(m—1)N+1<k<mN -1,

(25)
1<n<M-1,Nr=n, Mh=n,m=2,3, ...,

mug" O = o, w2 — gin,),
0<n<M, m=1,
mad™ N = (m — 1) u{" OV,
malm DN m= DN 1y DN (1) DN
T B T ’
0<n<M, m>2,
mu’g“ = mu]f\}rl =0, Zi]‘ifl mufﬂh = 2sin(tk+1),

(m—1)N<k<mN, m=12, ..

We consider two cases: m = 1 and m > 2. First, let m =1, then 0 < k < N.
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From problem (25) it follows that

(1 2wk 4 1ub Tt Teph 200wt 1

=) B2

= 1pg sin(x,) — sin(tg41) sin (zy,) ,

1<kE<SN-1,1<n<M-1,Nt=mn, Mh =,
1u2:0,w:s1n(azn) 0<n<M,

T

Tuft = 16kt = 0, M 10 = 25in(ty,4),

0<k<N.

The algorithm for obtaining the solution of the time-dependent identification
M

problem (26) {1uk}kN:0 = {{1uﬁ}g:0} . and {1pk}kN:_11 contains three stages.
n=

Actually, let us define

1uf =10k + 1 sin(z,), 0< k<N, 0<n <M. (27)

Applying difference scheme (26) and formula (27), we obtain formula

2sin(t1) — Yoy Lot h

—-1<kE<N-1 28
EMllsln(xZ)h - (28)

k1 =

and the difference scheme

( 1wkt 201w)F p1wk Tt 1wE T —2(1w) M 1wk T
2 - h2

ZIW 1 1wk+lh

o, )
ST~ 1| sintke)sin @), (29)

tr = k7, xp, =nh, 1<kE<N-1,1<n<M -1,

1w1 19

1Y =0, —= =sin(z,), 0<n <M,
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M

In the first stage, we find numerical solution {{1wﬁ}g:0} . of correspond-
n=

ing first order of accuracy auxiliary difference scheme (29). For obtaining the

solution of difference scheme (29), we will write it in the matrix form as
A1) + B (1w)* + 0 () = (1),
1<k<N-1, (30)
1w = 0, 1w! = 7sin(xy,),

where A, B, C are (M + 1) x (M + 1) square matrices, 1w®, s = k,k+1,1f" are
(M + 1) x 1 column matrices and

1 0 0 0 0 0
b a+% b+ % e < 0
0 b+ a+ % & 2 0
A= | : : : : : )
CM—2 CM—2 CM—2 CM—2
o el ab o tal tal
d d Toa et Ta
0 0 0 - 0 0 (I
[0 -0 0]
0 e 0 0
B= : ,
00 --- e 0
00 - 0 0] (M+1)x(M+1)
0 0 -~ 0 0]
0 g 00
C = : : ,
00 - g 0
00 - 0 0] (M+1)x (M+1)
0
Lf(t,r1)
1/t = :
Lf(th, ar-1)
0

(M+1)x1



STABILITY OF THE TIME-DEPENDENT IDENTIFICATION... 487

1wg
1wy
105 = | . Jor s =k, k£ 1.
lwi
lwiy (M+1)x1
Here, a = T% + %,b = _#7671 = Sin(mn)m}?)fl)’

d= ZZJ\iIl sin(x;)h, e = _7-2_279 = 7-_127

L (thtn) = | somr=rmeyn e — 1| sin(fre) sin (za)

1<k<N-1,1<n<M-1.

So, we have the initial value problem for the second order difference equation
(30) with respect to k with matrix coefficients A, B and C: Since w" and w!
are given, we can obtain the solution of (30) by direct formula

1M = A7 - Bw) —C(1w)* ), k=1,..,N -1 (31)

Applying formula 1n; = Zle(k‘ +1—4)(1p); 72,1 <k<N—-1,m=m =0
, we can obtain

gy —2(1n)y, + Iy
— >

1py, L 1<k<N-1 (32)

In the second stage, we will obtain {1pk}kN;11 by formulas (28) and (32). Finally,
M
in the third stage, we will obtain {{1uﬁ}kN_O} by formulas (27) and (28).
= 0

n=

Second, let m > 2;then (m — 1) N < k < mN. From problem (25) it follows
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that
a1 g(m) s~ a2
= - 7z
= mpy sin(x,) — 1.01sin(tgy 1) sin (x,) ,
10.01" Dupp Y —2((m— }1} w)p N+ (m-1)uy 11V’
ty = k7, x, = nh,
(m—1)N+1<k<mN -1,
1<n<M-1,Nr=n, Mh=m, (33)
ugm_l)N =(m—1) u,ﬁm‘”N,
T M7 D7 e 1
T T )
0<n<M,
mubtt = mu it =0, Z 1 muth = 2sin(tg41),
(m—1)N <k<mN, m?>2.

In the same manner, algorithm for obtaining the solution of the time-dependent
identification problem (25)

N KN M N—-1 .
mugt,_o =9 ymurt, and {mpg};_—; contains three stages. Actu-
k=0 nJ k=0 n—=0 k=1
ally, let us define

muk = mwk + mng sin(zy,),
(34)
(m—1)N<k<mN, 0<n<M.
Applying difference scheme (33) and formula (34), we obtain the formula
i M k+1h
M1 = QSn(tI;:II»)I Zilr:l(lxl) ;
i=1 (35)

(m—1)N—-1<k<mN -1,
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and the difference scheme

_ k41 k41 k41
mei ! —2(mw) b fmwp ! et —2(mw) ey

T2 h2

M-—1 k+1
M YT ho . 2 h)—1
Do mw; sin(z,) (COS}(ZQ) )

+ Zfi;l sin(z;)h

(m=1)w)E TV —2((m—1)w)5s =N+ ((m—1)w)E =Y

= 0.01 S ) "
+ | s 2es) 1) _ 1,01 | sin(tg 1) sin (z,)
(m—1)N+1<k<mN -1, (36)
T (m—1) wim N
mw" DN I (m=Dwi™ "IN —(m-1)wi" "IN
T = pe )
0<n< M,

mwg“:mwﬁjlzo, (m—1)N <k<mN, m>2.

M

In the first stage, we find numerical solution {{mwﬁ}ﬁzo} 0of correspond-
n=

ing first order of accuracy auxiliary difference scheme (36). For obtaining the

solution of difference scheme (36), we will write it in the matrix form as

(A (mw)kJrl + B (mw)k +C (mw)k*1 = (mf)k,

(m—1)N+1<k<mN -1,

(mw)gm—l)N _ ((m . 1) w)%m—l)N’ (37)

= 2((m — 1) w)T(lm—l)N . ((m . 1) w)%mfl)Nfla

where A, B,C are (M + 1) x (M + 1) square matrices, mw®, s = k, k £ 1, mf*
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are (M + 1) x 1 column matrices and

0
mf(ty, 1)
mfF =1 . ,

mf(te, Tar-1)
0 (M+1)x1

mwg

mwj

mw’® = | . Jfor s =k k£ 1.
mwi,_
mwiyy (M+1)x1

So, we have the initial value problem for the second order difference equation
(37) with respect to k with matrix coefficients A, B and C: Since mw? and

mwN*1 are given, we can obtain the solution of (37) by direct formula

(mw)F 1 = A7 (mf)F = B (mw)" — C (mw)" 1),
(38)
(m—1)N+1<k<mN —1.

Applying formula mng = Zle(k: +1—4)(mp); 75, (m—1)N +1 < k <
mN — 1, mng,—1)N = mnum—1)n+1 = 0, we can obtain

M1 —2(mn) , +mng_1
2 )

mpr =
(39)
(m—1)N+1<k<mN —1.
In the second stage, we will obtain {mpk.}ff;ll by formulas (35) and (39). Fi-
M
nally, in the third stage, we will obtain {{muﬁ}ffzo} . by formulas (34) and
n—=
(35). The errors are computed by
1
2 2
> ; (40)

mkE, = max tr) — mpgl,
P (m—1)N+1<k<mN-— 1‘p( k) P

mkE, = max E ‘ w(ty, ) mu
(m—1)N<k<mN

where u(t,z),p(t) represent the exact solution, muf represent the numerical
solutions at (t,x,) and mpy represent the numerical solutions at t;. The
numerical results are given in the following table.
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Table 1. Error analysis

Error | N=M=40 | N=M =80 | N =M =160
1FE, 0.0669 0.0345 0.0176
1E, 0.0785 0.0393 0.0196
2F, 0.1655 0.0883 0.0456
2E, 0.0747 0.0379 0.0190
3E, 0.2567 0.1408 0.0739
3E, 0.1418 0.1027 0.0830

As it is seen in Table 1, if M and N are multiplied by 2, the value of errors
decreases approximately 1/2 for the DS. This shows that it has the first order
of accuracy.

5. Conclusions

In the present paper, a time-dependent source identification problem for a one
dimensional delay hyperbolic equation is studied. Operator-functions gener-
ated by the positive operator are considered. The main theorems on stability
estimates for the solution of the problem (1) are established. The first order of
accuracy difference scheme for the source identification problem (1) is presented.
Numerical analysis and discussions are presented.
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